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TABLE OF INTEGRALS. 



I. FUNDAMBNTAI. FORMa 



3. J — = l06i. 
*/^ 

a. J, 

6. J«-log 

7. f ^ 

J Vl-iT' 



— —— - 1 wlien m 13 different from — 1. 

e'dx = d'. 



tan~'a:, or — ctn-'a 



sec" 'a;, or - 



7ersin~'a;, or — coversin~" 
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FUNDAMENTAL FORMS. 



Je„. 


3;rfa; 


= sill a;, or — 


coversin 


/- 


xdx-- 


= — COSX, or 


versin x. 


Tctn 


xdx 


= log sina^ 




/- 


xdx 


= - log cos a: 




/.an 


X sec 


3!rf3: = secie. 




/.. 


xdx 


= tana;. 




/- 


xdx 


= —etna;. 





In the following formulas, u, v, w, and y represent any 
limctions of x: 

.8. f{u + v + w + etc.)dx= Cudx+ Cpdx+ Cwdx + stc. 

j M rff = «« — i V du. 
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RATIONAL ALGEBBAIG FUNCTIONS. O 

IL RATIOHAI. AIiOIiBRAIC FUNCTIONa 

A. — Expressions Involving (a + bx). 

The substitution of y or « for x, where y = a -\- bx, 
! = (a + 6x)/x, gives 

J(« + bx)''dx = -j-ifdy. 

22. ^x (a + hxydx = ijy" {y - a) dy. 

23. fx- {<i + hxydx = j^tftri!/ - ")'dy- 

r x-dx ^ J_ r j!, - aydy 
J {a+hx)" b'*'J y 

r dx _ _ 1 r {z-bY*—^d!i _ 

J x-ia + hx)-' a"*— 'J s" 

Whence 

37 r -^ = ! — 

J (o + fa)' J(o + fa) 

28 f -^ _ ' 

■ J (a + 6tr)= 2 6(a + te)» 
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6 RATIONAL ALUEBRAIC FUNCTIONS. 

J {a + bxy~ />'[_ « + 6a; "'"2(0. + to)' J' 

/x'nb' 1 r "I 

„^jr^ = J. [*(• + s»)" - 2« (" + fa) + <■" log (• + *«•) J • 

»»■ /(iTzV- = *■[» +'--^°'»«('-+'«)-;r&]- 

,. rdx_ 1 1 , a+bx 

37. /(.+S«)- («■+»■«)-.& , ^;;;^ipj^ ((»+&,)".(.■+»■->■ 

-».(oS'-.'S)J'(o+6x)"(«'+Si)— "rfaij- 

/■ (» + fa)-ifa _ 1 / (a + bx)-*' 

J (a' + b'x)- (m - 1K«6' -•») VC'»' + ''«)""' 

(m-»-l)i'V(a' + J'rt)— 

= 1 ( (' + !")■ ,^ir (<- + bx)—dx \ 
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RATIONAL ALGBBBAIC FUNCTIONS 7 

r dx 1 . a' + h'x 

"■J (o + te)(a' + ^«)~««'-<>'S °* a + bx' 

40 r *^ 

J (■. + te)-(<i' + 6'j;)- 

" (i» - 1) (oS' - o'S) (^(» + fa)—' (o' + S'j:)— ' 

41 r i^ 

J (a + fa)(«' + yr«) 

42, r ^?^ 

"■ J (o + fa)'(a' + 4'i) 

_ 1 /^ 1 y . »' + yi \ 

ai'-u'h\a + bx aJi'-a'b ^ a + bx J' 

f xdx 

*".} (a + bxfia' + b'x) 



b (ab' - a'b) {a + bx) (ab' - a'bf ^ a + bx 

,, f ifdx o^ 

J (« + fa)" («' + b'x) 4" (rf' - •») (o + fa) 

46. J(a + fa)U - (^^np (« + *«)^'- 
46. f— ^-^-i^(,. + fa)"-^. 

D.,.„cb,Googlc 



8 RATIONAL ALGEBEAIC FUNCTIONS. 

B. — ExpiiKssioNs iNvotviNQ (a + bx"). 
._ /• rfx 1 . _,x 

J li' — x' lie C — X 

49- f-TTj = -!='•■•""'('' \/^V " «>!>. »>»• 
J o + fa" Vo4 V ^"/ 

»»• r^V^ = -^ '"5 i';i±iip, it . > 0, i < 0. 
J a + hx' '2^-alj Va-a;V-6 



19 f ifa i X 2m-l C dx 

J (a + bx')'* ' 2 »« (« + far^- 2 mo J (a + te")- 

"■ Si,+bxT" " ^/(.+t)"'' ''''™ • = '■■ 
'"'■Ji(. + ta') = 2^'°8;r+toi- 

■Ja + lxf b tJ a + bxf 

r fix 1 b r dx 

J 3!'(a + bx') ~ ax aJ a + bx? 

r x'dx -X I 1 r ''" 

J (.t + 6ar')"+i 2mb(a^bi?)'" 2mbJ (o + S.r')"- 

J !B*{a + &»')•"+' <t J ;c^(o + 6a:')™ aJ (a + ia:')'" + >' 
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RATIONAL ALGEBRAIC FUNCTIOKS. 



^ ^ 



-^ ^ + 



-11 -• 
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.0 RATIONAL ALGBBEAIC FUNCTI0K8. 

C. — Expressions Involving (a. + bx + ex*). 
Let X=a + bx + ai^ and j — 4ac~ b\ then 



__ ,, 2cx + b 



88. I — = — T=log 7=^'whenff<0. 

71 C ^ ^ •ic^ + h 2(2n-l)c rdx_ 
"■• J X"-^^ niX' "^ qn J X'> 

rxdx _ f>x + 2a b fdx 
"■J X' -~ qX uJ X' 

r xdx _ _ 2a. + bx _ b(2n-l ) rdx _ 
'J X'*' nqX* nq J A'" 

Cx^dx _ x"-' n — m + 1 b Ta^^dx 

J ^^'~~(2«-m + l)cA"~2M-m + l'cJ A" + ' 
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RATIONAL ALGEBRAIC FUNCTIONS. 11 

wo C'^ 1 1 ^ * r*^ 

./ ar-I jj tt X ax \^a a/JJi 

r dx 1 n + m-l i r dx 

Jx-X"+'~ im-V)a3r-^X' m-1 ' aj £^^X'^^ 
2n + m-l c r dx 

81. fx-dx ~ ^ ^^ ^\ ^^ _, ((i + 2 ex) X- + ,njx-' d.y 

„ (■ dx 1 b_ fdx 1 r dx 

J xX- 2a(ii-l)X— ' 2(iJ X-'^aJ xX—' 

'°- fvTk)X= 2 (.y - aW + .»,) ('■'(■°8f' + '"y 

-log ;c) + (2 «•»-»)/§)• 

r (a' + b'x)dx b' 2a'c-W Cdx 

J X- 2(»-l)<iX— '"*■ 2e J X-' 

86. /(a' + Vxyx-dx = ^-_j-^L__.(y(„. + y.)-.x« 
+ (w + «)(2 »'»-«.') J"(»' + J'it)—iX'<i«! 
- (itt - l)(at'* - aW + ea'^C{a' + b'xy-*X'dx\ 
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12 RATIONAL ALGEBRAIC FUMCTIONS. 

(• (.' + yx1-ifa _ 1 ( (b + 2a)(p' + l/£r 

■J X- ?(»-i)V -f— 

1 / y (»' + y»)— 
-(»- 1) (.s- -.■«■ + »>)/fe:±^£;!i?r) , 

1 / - //JC" 

"s''('»-i)VC"'+*'')— 

+2..r '^'"'''' ") 

_^ 1 /* + yz- 

(m-2»-l)4>V(«' + yr,)— 
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BATIONAL AI^EBBAIC FtJNCTIONS. 13 

= 1 ( "1 

+ ("+-^)(»'-2"')/ t„,+Xr-'A- 
. ! f 'I 

2 (ai' - aW + m») V(» - 1) (■•' + ii)— 'A'— ' 

+ (^°'°-"')/ K + t^-.A- 

(m + 2«-3)ii'' /- <<» N 

» + l J (a' + S'«)-A— '/ 

If 06" - aW + m" = 0, 

D. — Rational Fbactions, 
Every proper fraction can be represented by the general 
form: 

^■(3!) ' iE" + &,x"- ' + *jx"-» H + A. 

If a, b, c, etc., are the roots of the equation F(x) = 0, so 
that 
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then 
















m 


- 


A 

(»-»)• 


+ ( 


A 


7 + 




A. 


H") 


t - «)»- 


' 


- «)»-' 




+ 


Si 

(X - by 


n 


Si 


+ 




B, 




= ~4).- 


' 


-*)— 






c. 




a 






C, 



(^-cy (^-c)'- (i-c)'- 



where the numerators of the separate fractions may be deter- 
mined by the equations 



If «,» 


c, etc., are single roots, then p — q = r=- 


■ = 1 


and 






where 


A /("), B /ffl-, etc 





The simpler fractions, into which the original fraction is 
thus divided, may be integrated by means of the formulas : 



C hdx r hd(mx + ri) 



— — = - log {mx + n). 
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RATIONAL ALGEBRAIC FUNCTIONS. 15 

If any of the roots of the equation f(x) = are imaginary, 
the parts of the integral which arise from conjugate roots 
can be combined and the integral bro ught into a real form. 
The following formula, in which i = V— 1, is often useful in 
combining logarithms of conjugate complex quantities : 

log {x ±yi)=\ log (x^ + if) ± i tan"' *=■ 

The identities given below are sometimes convenient : 

1 _ 1 r h _ h' "I 

(a + bx") (a' + b'x^ ~ a'b - afj' ' \_a + ix" a' + b'x^'J ' 
vt + nx __ 1 



\-lx)(a+bx + ex') aV + «A' - bkl 

V liml-nk) e(nk - w/)jr + {a!n + ekm - blm) ~\_ 
\_ k + lx _ ffl + fta: + car* J ' 

'b' \_a + br' ^ a' + b'x^} 



(<. + fa-)(a' + 4'rif) " 
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IREATIONAL ALG&BEtAIC FUNCTIONS. 



m. IRBATIONAL AI.OEBRAZC FDHCTIONSl 



A. — Expressions Involving Va + to. 

variable of integration. 



'rhe subs titution of a 

y — Vit + l>x, gives 



91. J" Vu + bxdx = ~ V(a + & 



»./«V^^.-?i-^lMViiT3. 



J Va + fciT ^ 

J ^a + bx Ab^ 

C x*dx _ 2 (8 g* -- 4 ato + 3 b^x*) . 
'^ Vd + fiic 15&' 

98. I — ; ; =— ^logl , ;= -fora>0. 

99. I — > — ■' = -7= tan-' V— ^^ , for a < 0. 
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IRRATIONAL ALGBBbAIC FUNCTIONS. 17 

/ dx _ _ V« + 6a: ^ f dx 
x'-^a + bx ax 2aJ xy/a^bx 

103 C '^"'^ _ 2x'"^a-^bx 2ma C x--* dr. 

/* rfx _ Vtt + to (2n-Z)b r dx 

r dx 1 r dx h c dx 

■^ x(a + lif " xiu + lxfi' " (a + bxf 

.07. //(., ^v7+ix)dx=ij f(^i^, ,y-'d., 

where s" = « + bx. 

»■ X/fr (■• + '■')■. (« + **)". •■•)■'« 

where t/" = a + bx, and s is the least common multiple of n, 
q, etc. 
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18 IRRATIONAL ALOBBRAIG FUNCTIONS. 

B. — Expressions Involving Both -Va + hx and Va' + b'x. 

Let « = a + Ja!, v = a' + b'x, and k = ah' — a'b, then 
,,. r f— ' k + 2bv /— le r I 



V^ 



J sAt ^ b " 2bJ ^ 



f xdx Vh* 



r xdx _ >Juv _ ai' + a'b P dx 

•^ Vi^^ i>i>' 2bb' J Vm^' 

.3. r^ = 47,iog(Vwv+iv;o 



6V^ 



i'V^-Vifi' 2 , _, i'V^ 



114. I — }= = —^^^ log — = ;= = , tair 

•^ wVi( Vaj' S'VM + VAft' V-B' 



'■/; 






116. r.fVid»= ,, ' /2,...v;+tr^Y 

^ (2 m + 3) 6' \ ^ Vm / 
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IRUATIONAL ALGEBKAIC FUNCTIONS. 19 

+ (2 n - l)kj a-a—ldxS- 

121. /.,..-.«>i. = (^^j(2 ."•»-'-'• 

- (2m - 2m + 3)t' fi." «-'"-*'(£»; j 

(2«-l)6V 
+ mS'J w"-'m-<— »>rfx J. 

122. (^•'vS'-i^dx = - ^ — -(2«— li^<— '> 

J (2to - 2 m — l)i'\ 

+ (2«-l)& rw"-'«-"(fo;j 

(m-l)A'V 
+ (« - i)*^.-!.-"- '>rfA 

123. ( r-ti-'-t^dm - ' (2 «-'—'>»-<— " 

+ (2 m + 2« - 3)6' rv-"w-'"-»d3;Y 
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IRRATIONAL ALGEBEAIC FUNCTIONS. 



C. — Expressions* Involving Var* ± a" and Va' — a:'. 
4. J" Vi^i^rfa: = i [a: V^«±^ ± a* log(x + Va^ia'j], 

16. I Va' — a;'(&; = ^( a:Va* — ic^ + a' sin-'- ]• 

.26. J* f" = log(a; + Va:'±a'). 

/(£)! . ,a; .a; 

. =sm~'-T or— COS"'-- 

/• «& 1 ,« 1 ,a^ 

I — — =-cos~'-i or-sec~'-- 

J x^x* — a* a X a a 

,29. f^^^-ilogf^i^^iZY 

'■ J dx = VaT±^ — a log • 

'^ X ~ "" X 

i./-^=V?^. 

.S4. J'x^JiT'.fc, = JV(>!'i«')«. 
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FORMULAS 

PLANE TRIGONOMETRY 



(Bin ^ X C3C A = 1. 
oosAxaeiiA = 1. 
tanA X cot j1 = 1, 

5, coa{x + y) = COBX cosy — sin X Bin y. 

'^ ' "^ 1 —tan a; tan y 

cot 3! cot V — 1 

7. cot(3! + y) = — 7 — r^ 

^ " cot y + cot a; 

8. sin (x — y)=Binx cos y — cos x sin y. 

9. COS (35 — y) = cos a; cos y + sin 3! sin y. 
j„ . , , tana; — tany 

10. »-(''-rt= i^.t^,^V 

11. eot(a,-,) = '^f'"''' + ' . 

^ '-^ coty — cotx 

12. ein 2 X = 2 sin x cos x. 

13. cos 2 K = cos' » — sin' a;. 
2tanx 



1^. taii2x = 



1 — tan*as 
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PLANE TRIGONOMETRY 

15. co.2« = 2fSfJ. 

2 cotx 

16. .mi. = ±-v/^^^: 

17. oo,i.^±^f±^■ 

18. ta.J. = ±VfH»if. 

* ^1 + COS* 

19. ,,^, = ±-^i±£2ii. 

20. 8m^ + sinB = 28m J(^ + B)c08}(^-B) 

21. 8m-4 — 8inB = 2coBi(iH-B)8ini(-4 — B) 

22. co3A + cosB = 2cosi(A + B)cQ&i(A-B) 

23. cos^ -cosS=- 2sini(J + S)aini('^ — 

sin ..i + sin B tan ^(A + .5) 
sin .4 — ain B ~ tan J (^ — B) 

„_ a sin .^ 
fi ~ sin B 

26. a' = i' + c" — 2JCCOS.4. 

tt-& tan^(^-B) 
«. + & tanj(^ +B) 



»i«M=#^^¥^- 



29. cos^Az 



:„...;.CoogIe 



,1. /'-)('7»('-° i=.. 



32. taiii'i = j^- Z*" ' '7" 

S3. J" = J ae sin B. 

g' sin B sin C 



35. F=Vs(s-a)(s-6)(''-'')- 
37. F=ir(a + 6 + c) = r«. 
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IRRATIONAL ALGERRAIC FUNCTIONS. 



136. 



137. J" V(<i" -!■/*« 

138. C^^ = --^=. 

139. r ^ -^ „^^. 

140./- 



143. J"» V(o> - i")'rfrt = - iV(i^ 

144. faj'Va^ia'rfa! 



14S. fi" Vo" - I'ii; 

= _ I V(.--«')« + |'(xV.--a;' + a> sin- 0- 
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aa lEEATIONAL ALGEBRAIC FUNCTIONS. 

J ? ' 2^^*2J W^SZP' 

147. Ji^Wa' ± a^tia: = {± i a;" - /j a") V(«' ± a;')*. 

1111 r •<» _ _ ^'■'±»' i f -fa 

ISO. /^§= = I ^'^^^^" =F f log i' + V^^^-). 

/ tfo; Va^±n' 

^ J" » *■ "^ .^^ S^±± + log (j, + Vai" ± o") 



U3. 



1S5. 



'■/^ 



a!" 
1S6. 



•^ V(a;* ± ay Vx' ± a' 
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IKKATIONAL ALGEBRAIC FUNCTIONS. 



/ffS4/<=^")""' 



D. — ExrBEssiONS Involving Va + bx + ca:'. 

4c 

Let JP = a + Ja; + ca;', q — ^ac — i^, and i = — • In order 



to rationalize the fuacti oii f(x, Va + bx + C3?) we may put 
Va + &« + &«' = V± c VjI + Ba; ± a;', according as e is posi- 
tive or negative, and then substitute for x a, new variable z, 
such that 

z ^ VaTbxT^* ±x, if c > 0. 

V/J + Bx - 



I where a and p are the roots of the equation 
A + Bx-x'^O, if c < and ^ < 0. 

By rationalization, or by the aid of reduction formulas, may 

be obtained the values of the following integrals : 

tot r '^ 1 ■ ,/'-2cx-h\ ., ^„ 

161. I —7= = - , — - sin-' I ■ , L ^ 1. if c < 0. 
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lEEATIONAL ALGEBRAIC FUNCTIONS. 
I r dx _ 2(2CT + t) 

rdx_ 2(5c.r + S)/i \ 

/ (^a; _ '2{2ox + b)VX 2k{n- 1) /* dx 

.67. (x'^Txdx 

12c V ** 8*7 18*"-' VX 



.68. j x-vxi. = ^ ^^,j^^ + 2(;r+ipJ v; 

VJ" 2J VJ' 
70. r^;L,_ 2(fa-tj») . 

J X^fX qVX 

/ xdx Vx 6_ r dx 

"• J v5 = (2-. - 47.) ^ + -11^ J v5- 

' J X^X cq-JX cJ VX 
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IRRATIONAL ALOEBEAIC FDNGXIONB. 25 



174. r^^ 



(2l^-Aae)x + 2ab 4nc + (2w-3)i' /* dx 
(2n-l)cyA'"-'VT (2»i-l)cj J X"-'VJ 



■ 



Vx 

5hx . 5fi' 



176. J. VJ./. = ^ - f J V7i.. 

177. CxX^^dx - ^^ - i- TaVJ dx. 

(• xx-dx x—Jx h r X'dx 

J Vx ~(2» + l)» 2cJ Vx' . 
r ^X'dx ^ xX'Vx _ (2w + 3)i r xX'dx 

""■J V? "2(» + i)» 4(» + i)J vr 

a /*X2dx 

2(n + l)J Vx' 

I ^= ^logl ;= . If a>0. 
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IRRATIONAL ALGEBRAIC FUNCTIONS. 

3. I — 7= = - , sia-' [ ■ — , )' if « < 0. 

,84. f^=-?i^.it„.0. 

m. f — ■'" 



(2«-i)<.j--'^«Jij-.-.VJ aaJj-'VI-' 

Jr. 2J ^Ix J xVX 

-'xV?"(2»-l)V7'^°J xVx 2^ VJ ' 

/ Vxrfj ^ _ Vx A r (b-. r dx 
X- ~ X ^2J x^fX J Vx' 

,90. r^:!:^,ir^!:i!f^_5f£!i^_2fsr!^. 

'^ A'"VX oj X"-'VX cj xnVX cj X'VX 

rx^X'dx _ 3T"-iX"VX _ (2w + 2m-l)& /' :r"-'X"(fa 
■"■J Vj ~ (2« + »)« 2t(2» + m) J VJ 



_fil 



^P=^ 



(2» + m)c. 

'■J,,-.v.Vx _ 

Vx (2« + 2Tro-3)& / * dx 

(m-l)«i--'X- 2a(m-l) J a,— 'X'VX 

_ (2» + m-2)c r dx 

(m-l)» J i.-X-VX 
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IRRATIONAL ALGEBRAIC FUNCTIONS. 27 

194. f/{i, V(x-»)(a,-6)),fc, 

where m' (« —A) = a; — a, 

E. — Expressions Involving Products of Powers of 

(«' + b'x) AND -va + lix + c^. 

hetX = a + bx + ex', v = a' + b'x, q ^ iae - b'', 
p = bb' -2 a'c, k-^al."- aW + ea"*, then 

196. I ■ Tr= = -7= log ^^^— ■ 

= —7^^ tan-' 7=^= 

V-ft 26'V-A^ 






2i' VT 



198. r^^-__, . 

197. f^,-*^-^/-- 



/' rfj; _ 2b'VX 2e f dx 






if A = 0. 
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28 IRRATIONAL ALGEBRAIC FUNCTIONS. 



<dx 2(2A + fff 



200 r^!^=_?£Mj£l 
J Vx " 2'-' VJ' 

/• oA: _ yVX ^ r dx 

J X-VX (2«-l)eJf- 2eJj..Vx 

/- ..A'-rfi b'X-'/X ^ r x-itc 
J VJ (2» + l)o 2oJ VJ' 

*°''J.-vT" (»-i)fa-. 2(„-i)J„-;j 



'■/; 



VT (m-l)fa— ' 2(m-l)iJ„— .VJ 

_(™-21»/-^fe ,,^ 
(m-l)4J „.-.V2- '^ 

<^r 2//VJ 

■ VJ" (2<i-l)/lv 

2(«-l)c r da, 
(2to-1)^J,— iVJ ""-"■ 

f ^/Xdi ^ _ yxVJ _ (2i»-5)g cVxjz 
J v" (m-l)Au'"-' 2(™-1)aJ /t~-' 

(m - 4) I. r:[xdx 
(«-l)iJ ,.— 

(,-l)S-l, ,-' +t''J,-,vj+''J,-.Vjj 

1 / yVJ , c •'' , „ r ''■' N 
= (;r32>z-.(~i?^-'JwS-*^J;^:^Tvj)- 
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lEBATIONAL ALGEBRAIC FUNCTIOSS. 29 

208. (^^/Xdi=- — J-j-( J'li— 'J-VJ 

-(m + i)llfv-'V^dx-(m-l)lifr—VXdxy 

r ilr -2 A'VT 



211. f ^ 
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IRRATIONAI, ALGEBKAIC FDNCTI0N3. 
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HISCBLLANEX)U8 ALGEBRAIC EXPRESSIONS. 31 

IV. MISCELLAinKSDS AljOEBRAlC EXPRESSIONS. 

18. I ..- -— = vcrsm ' - = cos ' (1 l 



216. 






"•/: 



dx -^2<ix-x' 



218. /.• VJlSrrP . dr. = - "'"'^f";""'^ - 



+^^:tI^/--^^^^-- 



^(2»^3). 
*' a: V 3;" — a' «» \a / 



(2n-»3)«J «"-' 
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32 MISCELLANEOUS ALGEBRAIC BXPRESSIONS. 
221.J — ^== = — log — r==: 

-'(o + &i!')V^ fi8*V2l *\ ^a + bx' / 

, ^ ,8V^1 
+ tan- ' — > , where bi* = a. 

6 —X} 

SS4. 1 — r-r-i=— ^T tan-'-rj 

-log ,— — ^, where 68* = a. 

\ ^a + bx' /i 

r x*dx _ 2Vg _ a r dx 

J a- + ba?~ b fiJ (a + fta^V^ 

r dx ^ Vx s_ r dx 

227 C '^■dx «| J^ f Vxdx 

'* (o + fory~2a(a + &J^ 4aJ {a + bx^' 

If fli, Si, Ho etc., are the roots of the equation 

p^'+PiX'~^ ^-pttf~''+ ■ ■ ■ +^« = 0, 
the integrand la the expression 

/* (gi,3;' + .?|j;— ' + ■ • • + yj<fa^ 
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MISCELLANEODS ALGEBRAIC EXPRE8SIOKS. 



where m < n, may be expressed as the aum of a number of 



partial fractions of the form ■■■ ■ ■ — — ^=' and these 

(x-a^yy/a + bx + cx' 
can be integrated by the aid of equations given above. Thus, 

oga C (px + q)dx 



a") (x - b-) ^a + bx + cx* 

q + a'p P dx 

" a'-b' J (x- a')Va + te + M* 




where «"(*' + h'x) ^ a + bx. 
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34 MISCELLANEOUS ALGEBRAIC EXPRESSIONS. 



=T7/{^-f-^- 



K«" -c)"-' «'-'(?«, 



where y'(a' + b'x) = a + bx and s is the least common multi- 
ple of n, q, etc. 

23i.f/(x, \^a + bx + x'^dx 

where xz + Va = Vn + ia; + 3-'. 

236. f/(a!, VT+^T^O'^ 

~J-'^^6-2k' 2m-6 / (i-2«)' 
where it = va + &»+»;" — a;. 
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TKANSCENDENTAL FUNCTIONS. 35 

V. TRAiraCENDEITTAI. FUNCTIONS. 

236. I ain x, '/(eos x)dx = — \ /{cos x) d coa x. 

237. j cosa;/(sinar)iAr = j /(sin x) rf sin a;. 

238. j ain a; -/(sin a;, cos3;)(ic = — j /( Vl — ^, ^)dtc, 
where n = cos x. 

239. I cos a; /(sin a;, coaa!)rfa;= \ f(?> Vl — ^dz, 
where « = ain or. 

240. r/(sinx, cosa;)<£c= |/(3, Vl -s')-p^=; 3 = ain3;. 
241.//(sinx)rfx=-//(cos(^-.)),;(^-.)- 
242.//(tan.)^ = -//ct„(|-.),/(|-.)- 

243. //(aec.)^. = -//-<^(l " -)'^(l " -)" 

244 r 3in.r./(sin^a;).fa ^ f mdz_ 

■ -^ Vl- Ar'siu'a; '' 2 V(l"- «) (1 - Ic'it) 
where s: = ain*a;. 

„,, C<i03x-f(cm^x)dx C f(i—^)dz , . , 

245. I — ;—■-'■ '— = I ■' ) ; ^. where » = sin*a;. 

■^ Vl - k' ain' a: -^ 2Vs(l->Ps) 
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Ot> TRANSCENDENTAL FDNCTIONS. 

j^ r t»nx.f(Um'x)dx Cff ' \ -fe 

■•' VI -Fail? a; J '' (^1 - ^^2(1 - 2) Vl - t'^' 
where s = sin' a^ 

247.J/(ton«),fa=J-fi^, wliere^ = ton». 

849, J's«c"'3;/(tana:)ii=J'(l + s')Vw&i s = teii». 

249. J/(sinx, f:osx)dx 

-//(-(s-)-i..(l-))<I-)- 

SJO. f/(i).siu->i.<i>!-sii,-'»-*(a.)- f4M±, dx, 

*' V 1 — j;' 
where ^(3;)= Cf(r)dx. 

2»I. (7(i)C0S-'a,<fc = cos-'«>M+ C-*Mi. 
'^ Vl — i' 

262. //(x) . tan-' lix- ton-' a, - .f (aj) ^ fiM^. 
8«3. J7(a;) . ctn- ' I rfx = cm-' a; . * (») + Ji&J^ . 

284. J/(ai, cos «) ia, = -//(j - % sin ») d^ 

where z = — — x. 

^^ pin a, ./(cos a,) J. ^ _ 1 r,(-i^\ <&, 

osx. 
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where s = 



TRANSCENDENTAL FUNCTIONS. 37 

268. ff{x, log x)dx=ff{e', x)e'dx, where a = log x. 
267.fl<J^^-^^ff^,)d., where. = log.. 

258. fx~/Qosx)dx =j' €'■"*'>' f(!t)dz. 

269. |/(sina;, cos a:, tan x, ctni, seax, cscx)^* 

_2 Cff ^^ ^-^ 2a 1-e' l+a' l+s- N 
J-^^l+z'' 1+s"' 1 -«'' 2s 'l-z"' 2* / 

, ' where s = tan ^ ; 

= ff(., vr^r., ^i=, ^5H2, _J_, A 

— ■ where « = sin a:: 
g ' where « = tan ^ ; 

— ' where 3 = sin'a;; 

— , I where s = tan'x. 

2V2(l+») 
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270. 
271. 
272. 



;. Jsin 
!. Jsirf 
,./.. 
L. I cos 
i. Jco 

'■/» 

■■/co 

/= 
/' 



TRANSCENDENTAL FUNCTIONS. 

xdx= — cos I, 

'a:(ic = — i cos X s\nx + 1[x = \x — \a\n2x. 

^xdx = — ^tMSx (sill' « + 2). 

sin"-' a; cos a; n — lr 
"xdx = 1 I siii"-'a:rfa!. 

xdx^siax. 

'xdx = i sin a; cos x + ^x = ^x + i sin 2 x. 

^ X dx = i sin X (cos^ a: + 2). 

1 re — 1 /• 

"xdx^ -cos""'* aina; H I cos''~^xdx. 

X cosxdx = J sin^x. 

^x cos' xdx = — I (^ sin 4 a: — x). 

X cos"'xdx - 



"x COS xdx- 



I Goa^a; s\u"xdx ■■ 



'■/• 



273. I c<is™xBm''xdx = 



m + 1 

cos^^'a- sill' 
m + » 
m-1 f 



— — — I cos" a; 
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■ TKANSCBNDBNTAL FUNCTIONS. d9 

m — l\aos'"~'x ^ 'J <ios'"~'xJ 

1 / sin"~'j; , _ J-, /' sin"~*a:t/x \ 
~m — l\eos"-'3; '" 'J cos™"'* / 

i — n + 2 /' cos"'j<fc c 
» — 1 J sin""'* 
— 1 Ccos''-~'xdx 



g^j. jcos-^^ 


cos^-^'ar 


(w - 1) sin"-'! 




COB™ -'a; 


c 


I — n) sin-'-'oi 




1 cos"-' a; 



-'a; wi-1 p 

„,^ r j;,:^;^^ _ r"(i-;)Ks^'') 
J coB"a; J /^ \ 

277. T-: = log tail a:. 

J sm X cos X 

/dx fir x\ 

2,9. <- .„"" . 
»/ Sill™* coa"z 

h«-2 /' 

- 1 J sin"a; 



1 /"cos^^'Ti/a! 



-1 sin"" 'a!- COS"" •» 

-2/ 



^ _ JV 1 m+w-2 r dx 

j» — 1 sin™~'a;-C03"""'x m — 1 J sin'"~'a; ■ O03"a; 

880. r^. — 1 .^2^+it^r^4v 

J sin^a: m — 1 siii"'"'* m — 1^ sin^-'a: 
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40 TBANSCENDENTAL FUNCTIONS. 

J cos"a! » — 1 co8"~'a; n — vJ cos""'* 
382. I tan xdx= — log cos x. 

283. I tan'xrfa: = tanx — le. 

284. j taxi'xdx = -^^~:^ — j taji''-'xdx. 

285. I eta xdx = log sin x. 

286. fctii'xdx = -ctDx-x. 

287. I ctn'xdB = - — — j J ct«''-'a;tiE. 

««« ^ > T . ^T xN , , 1 + sin a: 

288. I seca;rfx = logtanl J + y j = i l«g j-^^ 

289. I seo'x<^ = tanx. 

290. \aec'xdx=i — — = z rr rrr-H r) — ^::r~ 

^ i/ cos"* (a — 1)008" 'a; it — W cos" 'x 

sin X . n-2 C „_a . 

= ■i^ t; i^rr' H r I sec" "3;aic 

(n — l)cos" 'x n—lJ 

291. I C3C (B rfa! = log tan i a:. 

292. j csc'x^^a: = — ctnx. 
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TRANSCBNDBNTAl, FUNCTIONS. 



293. i GSC"x(fl = I . „ 

J J sift''a; 

_ coax w — 2 r dx 

(n — l)siii"~'a: n — iJ sin"~'a; 

""'■ - » — 2 /* 

I T I CSC' "'x (fa;. 



296. 

297, 



(«-l)8i 

-tan(i7r-ix). 



1+3 

f l -'tin X = «tn (i TT - i a;) = tan (i tt + J ar). 

/— = tan A 3-, or esc x — ctn x. 
1 + COB a; ■" ' 

/r = — ctn * X, or — ctn x — esc x. 
1 — cos X * 



t & sin X a 

if a > 6, and A = a ain $. 



- ■ tan" ' (sec ■ tan ^ x ± t:ii 



/ dx ± sec a sin ^ (a ± x) 



if i>a, and 



(b: 



- 1 . , rft + ffl COS x"l 

— = ,- — ■ Sin- ' — r-, , 

> ^ Va^ - i' \_a + l> cos X J 

1 . ,rVffi'-6''.sinx"| 

- sin- ' —; . 

a^ — b' \_ a + li cos X J 

;^^tan-'[V^Jtanix], 

1 , ,r^a^-l^-smr~\ 

tan-' , . ■ ^ t 

ii' - J" L fi + a cos X J 
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TBANSCBNDBNTAL FUNCTIONS. 

1 , rii + aeosx+ y/l/^ — a' ■ sin x~\ 

■ v^r37^'°4- ^^IT^. J' 

, L log rvM^+v^-bu.^.-] _ 

Vi" - a' L Vfi+a -Vii-a- tan i a; J 



1 



Vi^- 



- tanlr 



|_ b + a cos a: J 



'■/ si,i,'+c.s, = ^'°«"°»'' + *'->- 

/ Binxrfx /• coB(^7r-a;)f/(j--7r — x) 
a + 6 cos X " J « + i sin (^ ■«■ ~ a;) 

= — V log ((t + 6 cos a;). 

/ (a' + S' cos a:) rfa; _ ^ , "'^ — "^' (* <lx 
a + b cos X 6 b J a-i-0 cos ar 

/ («' + b' COB ») (/j! _ ab' — a'b sin a; 
{a + b cos x)* a' — i" a + i cos x 



aa'-bb' r dx 
'^ o»-A» J « + 6casx' 

/ (a' + b' COS x) dx _ 1 V (ah' — a'b)s\nx 

(a + 1 cos X)- ~ (w - 1) (a^ - b^) \_{a + A cos «}■-' 

/- Tfo^t' - i^') (n - 1) + (« - 2) («;.' - a'j.) cos x^ dx -\ 
"•■J (a + icosa;)"-' J 
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TBAN8CBNDBNTAL FUNCTIONS. . 



(tt'-f'')taii j-a! 
"(2 «-!)(!+ cos a:)—' 



307. f(:^L^psi^ = 

J (1 + cos X)' 

^ 2 «. - 1 J (1 + cos X)- 

308 f '^^ ^ ^ r -fisiaa; 

J (tt + 6 COS a;)" (n - 1) (»» - 5') L(a + 6 cos a;)"" 



9n» C ^'^ - tanja^ 

J (1 + cos x)" (2 » - 1) (1 + cos X)— > 

2n-lJ (I+cosk)"-' 

oin r (*' + *' OS x) <£x a'b — ah' , , , , 

310. I -^ — -^ r = — ; TT log (a + 6 COS x) 

J sin X ((t + 6 cos x) a* — i)' "^ ' 

H — T-logsin^a; — —log cos ^a;. 



/la' + 6' cos x) (in n' , ^ , ,, 
-i ; — — — i — - = - log tan i ( j^ TT H 
cos X ((t + ft cos ar) « ° * ^^ 

(»y -<.») /• d 

^ a Jo + ii 



«) 



312. r c'+yc^x).^ ^^!^^ 

J am a; (1 ± COS x) 1 ± coa x "■ ^ " " 

/* dx — ctn } X 

813- J (1 - cos x)' ~ (2 n - 1) (1 - cos x)— > 

+^ziLr ^ 

2«-lJ (1-C03X)— 1 
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44 
314. 



, TEANSCEKDENTAL FUNCTIONS. 

/ dx r dz 

a' — i' Gos'a: J {a' — H') + iy' sin*iB 



2 all sin a """* sin (a + x)' 

1 . _Jt-^nx\ , 1 o 

or -T-T — — tan ' ( - — -; I , where cos a = = - - 

a' sill 13 \biii 13 J ' cos ^ i 

-, , r 'Ix 1 ^ , A' tan a:\ 

316. pl!4£^=2^tan-('tan..V^V 

_,_ r sin* cosa^tie 1 , , -,,.,, 

817. I , ■ ■ , ■ ■ ■ ■ ■ ,- = HTi : lofc' (« eos^ a; + ^ sin' j'). 

^ II. cor't, -I- /j Kill's: 2/A — (il "^ ^ '' 



■I cos*x +fi eiii'j: 2(6 — a) 



''("-<■) 



318. f ^ = f -l 

J {a + b cos « + c sin i)° J [a + r 

where b = r coa a and e = r sin «. 

^ - 1 . _, r b^ + c'' + a(heosx + csmx) *] 

V(t^ - 6' - c" L^(^' + c^)(a + bcosx + csina;) J 



Vi^4 



r iy' + c' + a(bcosx + csin3:)+V6* + c* — ^'(tsing— ccosa:) ! 

L V(i' + c')(a + J cos a; + c sin x) J 

1 '^i^ + c'-a'-c+(b- fi) tan j x 



Vi' + c'-a* VA= + c« - a' + c - (6 - a) tan i x 

Vo" - J" - «• L Vo" - S> - c' J 
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TRANSCEKDENTAL FUNCTIONS. 

320. f-TT-r ^TT ■■ — ^-\os(a + cta.nix). 

J a{l + cos x) + c 3\n X c °^ ' ' 

'J (« [1 + cos a;] + c sin a;)' . 






sill X— c cos j;) 



— a\og{a + eta,aix) 



1 +C08a;) + c sill a; 

322. f^s-tiiiiii^ ».,.„+,. 

J 1 + COS x 

323. rcos X Vl - A" Bin's; dx 

= ^ sin ^ Vl — ft'siii^i + ^TT sill"' (k sin x). 

324. j sin a: Vl ~ A' sia^xtic 

= — J-Cosa;Vl — /;"siu'a; ^-— log (/c cos a: + Vl — A' si n'j^) . 

325. /si„.(l -*.ai„..)..fe = -Jco..(l - 4..i„-.)> 
+ f (1 - A*) fsin X Vl-A'sin'a; <ir. 

-„- /• cosa:rfa; 1 . , ,, . 

326. I — p==^^ = - sin-Vfe sin a;), 
•f Vl-A*sin"a; ^ ^ ^ 

or - log (i sin x + Vl + i'siu»3-), where i' = - F. 

327. r /'"^'^^ =-^log(Acosx + Vl-A'3in'^), 



'A 



1 ( ^fr^¥. 
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46 TRANSCEKDENTAL FUNCTIONa. 

xdx 



8S9. r ^ . — = — X t&n i (iir — x) + 2\ogcosi a w — X). 
S i -sin X = * cti 4 (4 'T - *) + 2 log sin i (J tt - x). 

/tanxrix 1 VVi — « \ 

, . ^== , COS~'l p C03»: ]■ 

Wa + i) tan" a; Vfi - a \ Vi / 



330. 
331. 



333. 
334. 



335. C-^"^ 



1-i tana! 

= — .,■, { !'x-alog(a + btaax) + a\ogaecx>- 

336. I « sin xdx = sin a; — a cos x. 

337. ra!»sinxiie = 2a;3infl; — (3:'-2)co9X. 

338. I a:'3ina;rfa; = (3a;' — 6)aina;-(a;* — 6a:)co9a:. 

339. I x" Bin xdx = — x^cosx H-m j a;™ -'cos a; tie. 

340. I X COS a;tfo; = cos 3; + a; sin X. 

341. I aii'cosariix = 2 a! coBa; + (x' — 2)sinx. 

348. I x*co8x(fo: = (3x' — 6)cosx + (a^ — 6x)sina^ 
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TEANSCBNDENTAL FDNCTIONS. 47 

343. /»-«„,.*,. x-si„.-„/.-.si„.,t.. 

_._ fcosx , 1 cos* 1 /'sin a; , 

345. I ^r-'/a;= r- ; 7I :rfa;. 

J x™ m — 1 a;™"' m — U 3;™-' 



127 x' 
' 3-3! ' 3-5-5! ' 3.7-7! ' 3-9.9! 



t* sin X 6o\ 3-y-&! J- 

Jcosa!^24.2!6.4!8-6! 10 .8! 

350. I ■ - . -" = — a: ctn X + log sin x. 

J sui'a; 

351. I — ;— = X tan x + log cos a;. 
J cos'x ° 

352. n' I x'"5m"xdx 

= !E"~'sin"~'a;(ni sina; — wr cosx) 

+ »(« — 1) j a;™sm"~*3;dl3; — m(m — 1) j 3:"'*'sin"3; 

3fi3. n^ j x'^cos'xdx 

= x"'~'cos"~'3;(m coS3;+ juc sin x) 

+ «(w — 1) I »'"co8''~"a:(ic — »i(i« — 1) j a;'"~'cos"a! 
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48 TRANSCENDENTAL FUNCTIONS. 

3S4. /Jl^ 

1 r a;"-'(m ain J! + (n — 2)x cos a:) 

"(«-l)(»-2)L" sin— « 

366. I — r- 
J cos"3: 

1 r_ 3;"~'(m coax — (m — 2) a; sip j;) 

~0t-l)(n-2)L cos"-»a! 

+ (, _ 2). r^^ + ^(^ _ 1) r^T!^] . 

^ ' ^ cos" ^x ^ 'J cos" *a:J 

1 r sin''~'ar((m — 2)Bina! + wa? cosx) 

-(,» -!){,«- 2) L~ 

J /'sin'xrfa; /'sin"~*3;(£a!'l 

"" J a;"-' ^" -^J a;'"-' J 

367. r °°'''"^ 

J a;" 

— 1 r cos"~'3:(^itj: cos a; — (w — 2)coa3:) 

-(,»-l)(m-2)L 

_ /^coB'irdx , , ,, /'cos"~'a:(£);~| 

358. I x^sin^x cos"x»ic 

= - — a;''-'sin"'a!Cos''-'a:(pc03a; + (fft + M)x8iiia!) 

+ («-l)(fli + w)Jx''sin' 



''sin'"x cos"~'x(fo; 
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TRANSCENDENTAL FUNCTIONa. 49 

— mp I x''~' sin"-'(K coB''~'xdx 

"Pip ~ 1) j 3;''~'sm'"a; aoa'xdx [• 

= - — ; — -T x"-* sin"-* X cos' xCp sinx —(m, + n)x coax) 
(m + ny\_ ^-^ *■ ' ' 

+ (m, — 1) (m + n) C x" sm"-'^ x cos" xdx 

+ np I x""' sin""'! co3''~^xdx 
^p^p — l) I a;p~'sin"'a; cos'xdx ■ 

. /• . . , am(m — n)x sin(m + n)x 
). t Biwmxsmnxdx — ^-— ^ ^— ■ 



2(»,-») 2(» + «) 

>S (m — w) j: cos (m + n 



„„„ /• . , cos(m~n)x cos(m + n)x 
360. I sin ma; cos waidx = ^ '- — -^^ '— 



361. \ COS mx cos nxdx = -^ -^+ ^) .J ' 

362. I sin' mxdx = -r— (mx sin mx cos ma;). 

363. I C03*J/ia;«(a; = r — (ma; + sin itix cos ma;), 

364. I sin mx ooa )Ha;da; = — -. — cos 2 mx. 
J 4m 

365. I sinnxsin^xi/x = ^ — — — — cos ma: siii^a; 

+ m. I cos(n — l)x-sm''~^xdx ■ 
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50 TRANSCENDENTAL FUNCTIONS. 

366. I sin nx COB"a:(fe = ; — — cos na; cos"* 

+ m j siii(w — l)x-cos''~^xdx , 

387. ( cos na: sin^airfa; = ; — i sin nx sin^a; 

J m + n\_ 

— ml sin(n — i)x-3\n''~^xdx j ■ 

368. I cos«a:eo3"a!rfa; = — ; — sinnacos'"^ 
^ m + nL 

+ OT I cos(n — l)xcos'"*xdx ■ 

ggg^ r c03 nxdx ^ 2 r cos(n-l)xdx _ r aoajn - 2)xdx 
' J eos"a! J cos^^'a; J cos'^x 

/* eo3 Kcdx n /' s\ii(n — l)xdx r rxis(n—2)xdx 

' J 8in"a; J sin"-'a; J &m°'x 

j,j^ r ,m,adx _„ r cmln-l)idx ^ /- sin (. - 2) x .it 

^^^ r smnxdx ^^ pin(»-l)3;d3; r ^\y\{n-2)xdx 
■ ' J co3"a; J cos"~'3; J cos"x 

'J cos fu; J 1 + «*' ' 

where s = cos a: + 1 sin x. This yields two real integrals. 

/-^cosp£+_£8mp5^ _ _ r eP^—'d^ 
*"*• J siuna: J 1 - a" 

where » = cos a; + » sin x. This yields two real integrals. 
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TRANSCENDENTAL PUNCTIONS. 



/ (icoax — 3inx)dx _ r dy _ 



376. I sill ax sin bx sin cxdx = —^\ '^ j— — '— 

cos (i + c — a) X cos ((t + & — c) X cos (n + 6 + c) x ) 
b + c-a "^ a + 6-c a + 6 + c j" 

377. I cos (KT cos &x cos ex (Zx = i -j — ^ — ^ 

sin(i + c-rt)a^ sin(«-i + c)x sinfa + &-c)x 1 
'^ b + c-a "^ a-i + c ^ a + b-c }' 

378. /sin«xco3&xcos«.^= -i{^Hi^il^i^ 

cos(;» + c-a)x cos(a + &-c)x cos{a + c -b)x '\ 
b + c-a ''" « + J-c "^ a + c-b j 

379. I cos (KC sin Ox sm cxtic = i ^ ^ ^— 

sin (rt - & + c)x sin (a + 6 + e)x sin (6 + e - «) x "l 
a-fr+c ffl+6+c b+c-a J 

380. I ain~'»rfa: = xsin-'3; + Vl - x'. 

381. I oos~'x(ic = a;cos~'x — Vl — x*. 

382. ftan-'xda; = itan-'x-i^log(l +x*). 

383. J ctn-'irfx = X ctn-'x + i log(l + x"). 



D.g.tizecbyGoOgle 



52 TEANSCENbEHlAL FtTNCTloKS. 

384. I setr'xdx = x sec-'a; — iog(a; + Vx' + 1). 

385. Ccsc-^xdx = X eac-'a; + log(x + V^+T). 
388. j versin-^ xdx = (x — l)vetsm-' X + Vix^^. 

387. J(siii-':i:)Vj; = a:(Biii-'x)'-2x + 2vT^^8in-'x. 

388. C(coa-'xydx = x(Q03-'xy -2x - 2Vl -a;* coa-'a:, 
889. J'x siii-'3;rf« - i[(23r' - l)sin->a: + a; Vr^^]. 

390. Cx cos-'xrfx = i[(2a!' - l)cos-'a; ~ a;Vl - ar"]. 

391. fa: tan-'artfx = J[(a!* + l)tan-'a; - a:]. 
398. fx cia-'xdx = i[(a:' + l)otn-'a; + a:]. 

^393. I 3:sec-'a;di( = ^[x'sec-'x-Va^-l]. 
394. i X csc-'xdx = i[x' csc-'x +Vx' — 1]. 

895. rx-siii-'x<fe = ^— fx"+'siii-'x- f-^il^Y 
J n + iy J ^JT^^J 

396. rx'cos-'a:rfx = ^-~-('^ + 'cos-'x+ f-^^^^Y 
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397 


. fx' tan- 


•xdi, 


= ^(- 


■tan-' a: 


-smy 


398 


. ra;"ctn- 


^xdx 


-M- 


'ctii-'a; 


-m 


$} 


399 


^sin- ' a; 
•J x" 


dx _ 


.06(1^ 


-vr 


^y 


jin-'a; 




400 


rtSLU-^xdx 


logx- 


ilog(l+z>) 


tan- 'a; 




401 


. f^dn^ 


6" 













402. Cxfdx = ^{ax~ 1). 

403. ^x-fix - ~ - Sj*!— ij-fe 

AA.. re" J 1 r e°' , r^-^a;"! 

*»*■ J ? '^ = iTTl L" i= + "J 5^J • 

x-a-dx = ^- i^^ + " '" '> "^ 

log a (logo)' (logo)" 

.(»-l)(.-2)---2.1.- 

(logo)— 

fa-dx a- r 1 logo 

Qog")' (log o)-' /-a-dj^l 

(»-2)(»-3)a,— "^(«-2)(»-3)---2.lJ « J' 

408./^ = log. + .logo + i^j2|i2!+i!j2|iV.... 
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54 TRANSCENDENTAL FUNCTIONS. 

5. Ie"c03a;tte = — ^ , '■ 

o r^i J e™logx 1 /**^</a; 
.6. I (f\o^xdx = -—^ I 

'. j e'"&m*xdx = -— - A s\ax(a s\nx — 2cosa;) + - }■ 

1, I e"'co8'x(/3; = J— -g( coafl;(2sinie + a C03a:) + - J- 

.9. I ^sin'lxdx = -r— — TTil (a sin fia; 

— nfi cos6a:)e'"aiii"~'6a; H-»t(»— 1)6' j ^sm'—^bx<hi y 
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TRANSCENDENTAL FUNCTIONS. 55 

420. Cef"coa''bxdx = -r-, — jri; ( (a cos fcc 

+ nb sin fee) e" COS'"' fee + n(n — l)** | e^cos^-'bxdx ]■ 

421. Ce"tan''xdx 

= — ^j — T J e^tan—'astij;— I i 



e" tan—' a; tie. 



■•/•" 



422. i ^cta-xdx 

— j 1 —r I e^ cin'-' xdx — I e^cta'-*xdx. 



423 r e"^ ^ ^, a sin ie +(« - 2)cos x 
* J sin" a; 



(»-l)(»-2)sir,- 

+ (»- 



a' + (»-2)' r e"rf» 
!)J sin— », 



.». C^dx a oosa; — (ra — 2)siniC 

424. I = — «" i* ' ■ — ^- 

J cos'ar 



(m-1)(m-2)co8'- 

"^ (m - 1) (w - 2) J cos'-' X 

425. re^sin-xcos'ajiia; 

= "; ^ri — \\ ^ sin"" a; cos*-' x (a cos x + (m + n)8ina!) 

(to + n) + o L 

— ma j e™sin"'-'a!C0S''-'a:rf3; 

+ (n — l)(OT + ra) I e"sin"'a;cos"-'a;rf3; l 
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56 TRANSCEHDESTAL FUNCTIONS. 

+ (m — l)(jM + w) I e°'siii"'"'a:cos'3;(fa; |- 
= - — — — f , i [e!'™{!Os"""'a;sia"'~'x(a8ina:cosx + Msin'9! 

— m cos' x)] + n (w — 1) C e" sioT'xcos'-'xdx 
+ m{m-~l) Te" sin"-' a; cos" xdx | 

= T — — — , , -< [e"'sin'"-'a;cos"-'x(<iain3;co8a:+nsin*a! 

— mcoH*3!)] + w(ra — 1) j e"siii"-'a:cos"-'x(£i; 
+ (m - n) (m + » - 1) Ce" sin"-' a; cos" xdx\ 

= ', ; — TT-. — i\ re"8iu"~'a!COS*~'xf£i8ina;cosar + Msiii*a; 

— meo&'x)'] + m(m — l) I e" sin""' « cos'~*a; rfz 

— ()« — n)(ni + n — 1) j e*"sin"a;cos"~' iC(^ V. 
426. i log xdx = x log a! — a:. 

'"■/— — ■[^-^]- 

428. ( (log3;)'(ic = a;(log3;)" — nj (loga;)— '(ir. 

429. J'»-(logi)-<;»=5l^^i^t^"-_ij.J'j,-(logce)— rfi. 
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TRANSCENDENTAL FUNCTIONS. 



J (logx)- (n-l)(losiT-' n-lJ 0oga!)-' 

^■J (logrt)- (»-l)(logrt)— + «-lJ (logi)-'' 

"'•/S^'/t"* "I'M' » = -(•» + !) '"SI- 

I — i = log (log a;), and I — -: rr = 7^ ^^l' 

436. f\o§(a^ + x')dx = x-iog{a^ + x^-2x + 2a-taQ-'(-\ 
i37. j'ia + bx)-l<,exdx 

438. J"x-log(.. + Ji)*i! 

= ^[....,og(. + ..)-./=^]. 

, , ^Ix l(lx\ l(bx\' 

.log..log:. + --^(^-j +J.UJ -••• 
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58 TEANSCBNDBNTAL FUNCTIONS. 

= ^ r_ iog» , c ''^ 1 

6(m-l)L (a + fe)— "^JxCa + Srr)— J 

- bx)dx 



442. J(«+fa)log»ii-<-i±|5^1ogi-5i|£2^^_jfa. 

443. fJ^EiS 
•^ Va + fia; 

= I Ulog X - 2) Va + 6:c + -A log ( Va + 6x + V^) 

-V^Iog(V^Tte-V^)1, if a>0 
= I [(log a' - 2)Va + fee + 2V^ tan-'-\|^i^ 1 - if ffl<0. 

444. j sin log3:££* = ^^[ain loga; — COS logar]. 

445. j cos logxrfa; = ia:[sia logic + C03 loga:]. 

446. I sinh xdx = cosh x. 

447. I cosb xdx = sinh x. 

448. I tanli xr£e = log cosh 3;. 

449. I ctnb xdx = log sinh x. 
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TEANSCEKDBNTAL FUNCTIONS. 59 

450. rsecha:(;a; = 2taii-'e'. "^ 

451. I csclixtfe = l(^tanIl^■ 

/l n — 1 /• 

8\nli''xdx = — Biiili"~'3; cosh x I sinYC~* xdx 
n n J 

= — — ^sinh' + 'acoshx IIIt) sinh' + 'xrfa;. 

/I n — 1 C 
C03h"a;(ie = -sinha;.cosh"~'3; + | cosYc~^xdx 
n n J 

= — — sinh a; cosh" * ' a; H -r—r I co&\i"**xdx. 

454. I X siuh xdx = x cosh x — sinh x. 

455. I X cosh xdx == x sinh x — cosh x. 

466. f ar' sinh xdx = {x' -^ 2) cosh x — 2x sinh x. 

467. I a:" sinh xdx = x' cosh a — nx'~^ sinh a; 

+ n(n - 1) Ta;— ' sinha;(&. 

458. I 8inh'a!rfa; = 4(sinha! cosha; — ar). 

469. I sinha;-C03ha:(£c = ^ cosh (2 7). 

480. I msh^xdx = J (sinh a: coshx + a;). 

461. TtanVaida; = 3!- tanha:. 
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60 TRANSCENDENTAL FUNCTIONS. 

462. I ctnli'xdx — x — ctnh x. 

463. Csech.'xdx = t!in\ix. 
484. I csch* xdx = — ctnh x. 

465. I siiih~'xrfa; = x sinh~' x — Vl + x'. 

486. I co3h-'a;(ij! = 3!C0sh-' a: — Vj:' — 1. 

487. Ct3.nh-'xdx = ictanh-'x + ^ log(l — x^. 

468. r^siiili-' xdx = i[(2a;»+ l)siDh-' «-aVl + a;']. 

469. ( X cosbr^ xdx = il(2 x^ — ])cosli-'a: — xVa;'— 1]. 

470. f , 1', 

^ cosh a + cosh x 

= csch a [log cosh ^ (a; + a) — log cosh i{x — a) j, 
= 2 csch a ■ tauh~ ' (tanh ^ x ■ tanh J a). 

471. I ; — = 2 CSC o ■ tan"" ' (tanh A x ■ tan A o). 

./ cos o + cosh X ■, * i / 

472. f- — — = 2 C8C o ■ tanh-" (tanh i i ■ tan A o). 

J 1 + cos a - cosh X \ X i / 

473. I sinhx-COSXfZx = ^(cosh;c.cosx + sinhx'Sina;). 

474. I cosh X- cos xdx = ^(sinhx-cosx + cosh x ■ ain a;). 

475. ( sinh3;-sin3;(?a; = J {cosh «■ sin a; — sinh a; ■ cos a;). 
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Transcendental functions. 61 

476. j cosh3;-siiia:(t«= J (sink jt- sin a: — cosh a; ■ cos «). 

477. I sin\i(nui)sinh(nx)dx 

Ifc- = — J ; m siiih (wa) cosh (i«a!) — n cosh («a!)sinh(mj-) ■ 

478. fcosh (mx) sioli (nx) dx 

= —^ tA Mtsinh(?i3T)sinh(ww;) — ncosh(wE)co3h (»«c) ■ 

479. Ceo&\\{v}x-)aosh{Ttx)dx 

— , _ — \\ )»sinh(»o;)cosli(na;) — n8inh(iw;)cosh(ma:) ■ 
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bZ MISOBLLANBODS DBFINITB INTEGRALS. 

VL MISCEUiAITEOUS DEIFINITU IITTEOBAIiB.* 

480. f'-?^-l, if a>0; 0,it« = 0; -~%, ifa<0. 

481. £ x'-'(r'dx=J log- dx = r(n). 

r(* + i) = 2-r(«), if «>o. 
r(y)r(i-y)=^,ifl>y>0. r(2)=r(i)=i. 

r(n + l) = n!, if n is an integer. r(e)=n(a-l). 

r(i) = V^. Z(y)=Z»^[logr(y)]. Z(l) =- 0.577216. 

482. r'x-Vi--)— *ir= f ^"-''^ ^ r(>«)r( n). 
»Aj^x (1 a;) ax J, (i+a,j«+.-r(^+„) 

483. I 3iii"iC(fa;= t GO&'*xdx 

= ~? , ~ i g — ^ - / ; - ^ - rt ' II n IS an even integer, 
J ■4.(> • - ■ (fi) Z 

= - o g y ^' It M IS an odd integer, 

= J Vw — ^ ^ t for any value of n greater 

than — 1. 



Ki-) 



> ifm>0: 0, if™ 



D,5.t.zc-ctvGoogIe 



MISCELLANEOUS DEFINITE INTEGRALS. 63 

4Bo. I =0, if m < — 1 or m > 1 ; 

^, ifm = -l or m = li ^. if -!<>»< 1. 
486. ^"5*^ = |. 

487.J|^ em(!>*)dx=£ Bm (iF) dx = i-\j'^ ■ 

488. I a\nkx-s'mmxdx= { coskxcoamxdx^O, 

if A is different from m. 

489. jT'sin'ma^rfa; =f\o3'mxdx = |- 
Jo 1 +x' 2 





■. •■■<;:■ 3 


■3-6- 




2 
2 


mX'e- 


^.^...^ 


.V!- 


«'■X"^^-^|■ 
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64 MISCELLANEOtrS DEFINITE INTEGKAL8. 


-X".-^-^- 










-1";=^ 


- 8»'' 










50O.jr".inh(„ 


).sinh(. 


^•)i:. 


=x 


coah( 


mic).cosh()Kr)(£r 








= 0, 


i mis 


different from ». 


501. J^"cosh■(»lI)l^l: = - 


-r- 


i]li={ 


m£)i=. 


"T' 


502. J'*"smli(»i 


;j)<(i = 0. 








503.X"c„,h(«. 


)4« = 0. 










mX>nM~ 


f cosh («a 


)dx = 


0. 






505.x 'sinl(»" 


)cosh(«i 


.)dx = 


-0. 






506.x e'"cosm3;rfj; = 


x" + m 


J. if 


(.>0. 




507.X'«"""5i" 


nxdx = 


(= + »( 


-■■ ■' 


a>0. 




508. X"«- "'■'«»» 


lxdi = 


2o 


". 




a>0 


™-X'i^.^ 


6' 










»»X"Sf- 


7^ 

12' 










'"■X'r?|.- 


s' 
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MISCELLANEOUS DEFINITE INTEQEALS. 



-■iW(Bf)?=!-'- 

J. vT^rg " ~ 2 ^^ 



514. f(»^- -»■)<?» 
''o log a; 

515. J* (log;c)"cfx ={- 1)" 
Vtt 



J + 1 



ifi) + l>0, 5 + l>0. 



916. 



517. 



'■£- 



- Vtt. 



519. fa-" log f-Vf^x = /'^"tij., ' if m + 1 > 0, n + 1 >0. 

521. j logsin xrfa; = j logcos a;(fe = — ^logZ. 

522. J"'a^ log sin life = - J log 2. 

523. J^"log((i ± 6 co» »)ifa = TT log( ° '*' l' ~ '' Y ogj. 



D.,.„cb,Googlc 



66 ELLIPTIC INTEGRALS. 

TIL ELLIPTIC INTBaRAI>a 

* ' ■'• Vl-/t' Bin's •'« Vl-s'Vl-S'z' 
where A' < 1, a; = sin ^. 
«(+, t)sJ'*Vl-Fsin"» ,J». 

n(^, „, ,„ r ■'' 

.^" ' J. (1 + 1, Bin' «) VI -4" sin's 

^ = ani», sin <^^a; = sn M, cos^^Vl — a'=cn«, tan^ = tnu, 

-i* = Vl-it'sin'^ = Vl-A:VEEdn«, &^ = l-if. 

w = ani~'(^, k')^an-'(x, ft)=cn~'(Vl — i', /:) 

sdn-'(Vl-tV, i). 

^= i^(iir, it), ^'= F(Jir, k'), E= -ff(4ir, it), E'-E^iir, if). 

"*- = T+lt"'*'"°* = i + eos2.' 

.F(*t)=j^F(.,Ji). 



i,rv "^ 

''I Vl - A* sin' 6 



525. J"vi - F Bin's . d» 

= f[-(»--(l^)"f-(^)"f-]-<'. 
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^X', 



ELLIPTIC INTEGRALS. 67 

2 I 

_ = — ifi ■ K — aintfi cos ^ 



where ^4 = i sin" ^ + ^t^- ^a = J sin* ^ + ^^ sin* * + ^:^' 
^«-4dn».^ + ^sin** + g^sinV + g^|;^.etc. 

527. J" Vl - )fc» sill' tf . rf# = - ^ .E + sin ^ COS ^ f —^ ft* 

■■] 






V(l - a^ (1 - iV) 



= -B(0, ')■ 
= En~ ' (3r, A) 



"X' 



= F(siii-'x,k}. 0.<ar<l. 

, . = ~ en ' (x, ft) 

V(l - a') (ft'* + ft'a;') • 

= F(co&-'x, ft) = sn-' ( Vr^^, k). < a^ < 1. 
). f ^ '^ =dii-'(a;,ft) 

^' V(l - 0!*) (ar* - ft") 

. = i^-CA-'a:, ft) = an-" Q VH^, ftV < a: < 1. 



531. r , ''' 



ft^c*) 



= tn-'(3:, ft) 



^n-'iE, ft) = an~'(— -: 1 ft \- 
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ELLIPTIC IBTBGBALS. 



532. f ' , ''" -2sn-VV;, « 

= 2^(8in-'^, i). 0<I<1. 

533. C , '^ - 2 cn-i (VI, S) 

= 2.P((!oa-'VI, S) = 28n-i(Vl-a!,4). 0<I<1. 

534. f , ''' =2dn-'(V;, t) 

= 2.F(i-'v?, t) = 2 8ii-'Qvi-»,iYo<ai<l. 

535. f"— ==^==^=2tL-'(VJ,*) 
-'• V(l +!)(! + i«i) _ 

= 2 if(tan-' Vi, t) = 2 S11-' (^j^. *Y 0<»<1. 

538. r , ■'' =l.„-Yf,iY „>i>;.>0. 

537. r , '^ ,l,„-,f;,JY «>.>J. 

-'■ ■v'(»"-a")(x'-4") » \« •/ 

53a f , '^ 

= , ' cn-'Tr' , ' Y i>>!>0. 

539. I ,— 

•'• V(o' + «■)(»■- »■) 

= , ' cn-ft , ° Y '>'>»• 
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BUJFTIO INTEQBAL8. 



m.r, ■^ 

=^°-'(^^P?)• 

a>^>r. 



V(x-<.)(;.-/S)(«-r) 



'I" 



^X' 



'■X" 



V(:.-.) (J, -ft (:■-,) 
dx 

Vo-y \'«-^ '"-y/ 

dx 



i. f , 
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70 



ELLIPTIC INTEGRALS. 



^ia-x)(0-x)ix-y) 



'■X- 



V(o-»)(^-«)(y-») 



y S°~ [ \o ' "V y 7'*^ 



'X: 



V(a-x)(^-a;)(y-«) 



t3y 



a>fi>y>8. 
5S0, f • , '^ 



S) 



2 , / jIl-S x-a te - y o - 8\ 

"i-X': 



«><. 



"Vc, 



V(.-»)(»-W(ri, -,)(x-S) 



»>i>jS 



552. I .... 

'''' -/(a-x){x-^)(x -y){x-S) 

2 f j gl-y X -"ff U _ j3 Y — 8\ 
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ELLIPTIC IMTEGRALS. 



dx 



V(a-»)0)-l) 



V(.-y)08-S) 

554. f ' , 

2 

~V(a-y)(^-8)'" 

XT ^ 



555. 



V(a-,)08-8) 
556. f"- 



2 
~V(.-,)(^-8)" 

557. J"- 



V(a-r.)(/S-«: 
2 
V(«-y)0S-8) 

558. j snattc = vcosh" 

559. j caxdx = ~ cos"' 



\\^-y a-x- Vo-y /3-8y 



(x-,)(« 






(y-:t)(>;-8) 



(y-«)(a;-8) 



(y-x)(8-«) 



\Va-8 Y-x Va-y ^-8/ 



dn x). 
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72 ELLIPTIC INTEGaALS. 

560. i dnxdx = Bia~'(snx) = laax. 

561. f^ = losl '"' 1 
J 8\xx ° |_cn x + anxj 

562. fJJL, li„g p' «■■'' + J" '^ l. 

663. f;^=i.,to.--rt:""'T°"''i- 

561. r'sn''a!rfa! = ^[a: - .E(ama:, A)]. 

565. jr'eii*a;Ar = i[£(ania!, A)- -fa;]. 

566. f'Aa'xdx =s £(am x, k). 

567. (m + 1)^80-" a;rfa: = (m + 2) (1 + F) rsn"+'3!<Za! 

-(m + 3)A» r8n'»+*3!daj + sn"'+'xen3:dnx. 

568. (m + !)&'* J'cn'»3!da!=(m + 2)(l-2F)J*cii"+'a^(& 

+ (m + 3)&' I en^+'airfa: — cn"+'a; snatdnx. 

569. {m + l)*" fdn-crtfo: = (m + 2) (2 - A») J'dn"+''x(ic 

— (m + 3) I dn^+'art^ + A^'dn"'+'a:all2!cna^ 
Since sto>e = i-l(l-fc". Bin's), 
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AUXILIARY F0BMOLA8. 73 

Tin. AQXILIART FORHUI>&a 

A. — Trigonometric Functionb. 

570. tan a - eta a = sin a - esc a = cos a - sec a = 1. 

tan a = sin a -I- cos a, 8ee'a = H-tan'a, 
030*0 = 1+0111' a, sia*a + eo8'a= 1. 

571. sin a = Vl — cos' a = 2 sin ^ a ■ cos J a = eos a ■ tan a 

1 tan g -> / ^ ~ cos"2a 2 tan ^ a 

" Vl +ctn'a ~ Vl + tan'a ~ ^ 2 "l+tan»ia 

= \/ 5 =ctn J^a>{l — cosa) =tan^a.(l +coaa). 



572. cosa=Vl — s: 



Vl + tan' a Vl + ctn' a 



,/l+cos2a 1 -tan'io ,, . ,, 

= V — 2— = TTtii^ = '^' *"-''"*" 

= 1—2 sin' i o = 2 cos' ^ a — 1 = sin o ■ ctn a 



V csc' a — 1 ctn j^ a — tan j^ a 
C3c' a ctn i o + tan ^ a 



573. tan a = -7 




osc a ctu ^ a — tan ^ a ctn' ^ 
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574. 



AUXILIARY FOIIMULAS. 





-«. 


MPitt. 


180° ± a. 


270= ± a. 


380° ±fl-. 


sin 


-B 


U« 


+ cosa 


TEina 


-COB a 


±B!n<t 


COS 


+ » 


Ha 


Tsma 


-coeo- 


± sill a 


+ cosa: 


Uii 


-ts 


n« 


Tctna 


± tana 


Tctn« 


± tan« 


cin 


-c 


Jia 


Ttana 


±clna 


^Una: 


± ctn a 


Hec 


+ 8( 


ca 


Tcsca 


-sec a 


±csoa 


-t-seoa 


CSC 


-" 


«« 


+ Bec« 


Tcsca 


-seca 


±csca 





ff'. 


3(P. 


45^ 


00^ 


90". 


120". 


135° 


160°. 


180°. 


sill 




1 


i 

i-~r3 


1V2 


iV3 
4 





-i 


i*-/2 


-iV3 



-1 


Un 





■A 


1 


a/3 


=o 


-^ 


-' 


~^ 





ctn 


- 


■^ 


^ 


1 





"vl 


-1 


-a/3 


- 


~ 


1 


•i 

V8 


^ 


2 


- 


-2 


-A^ 


2 


-1 


»c 


" 


2 


V2 


2 
^/3 


1 


2 


^ 


2 


« 



676. 
577. 

578. 
579. 



sin \a. 
Gos^a 

tan j-ct 

sin2fl 
sin 3 a 
sin 4 a 



VKl-oosa). 


Via 


+ cosa) 


./i- 


cos a 



= 3 sino — 4 sin" a. 
: 8 COS* a ■ sill a — ie 
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AUXIUABY FORMULAS. 

582. Bin5a = 5Ema-20am»a + 16sin'a. 

583. sin 6 a = 32 cos* a sin a - 32 cos* a sin a + 6 cos 

584. cos 2 a = ooa*a — sin' a =i 1 — 2 sin'a = 2 cos'a 

585. cos3o = 4cos»a-3cosa. 

586. cos 4 a = 8 cos* a — 8 cos* a + 1. 

587. cos 5 a = 16 cos' o — 20 cos' a + 5 cos a. 

588. cos 6 o = 32 cob" a — 48 cos' a + 18 cos* a — 1. 

589. tan2a-:flifi5_- 

1 — tan' a 

590. cto2» = °'°'°"' . 

2 etno 

591. sin(a±y3) =^6iQa-co3/3±cosa'Sin^. 

592. cos(a±j^ =coso-cos^q:smo-sin/5. 

.„- , _ tan a ± tan 8 

593. ta.n(a±ff) = ', — ~-^- 

"• '^' Izf tan a ■ tan /? 

KOA 4. / _,_ OS ctnn-ctnySTl 

594. ctn(a±j8) = — : r 

*• '^-^ ctn a ± ctn o 

595. sin o ± sin /3 = 2 sin 4-(a ± ;3) ■ cos i{a ^ /3). 

596. coso + co8^ = 2cos^(o + ^)-cosi(a-^. 
697. coso-cos/3 = -2 sini(a + /3)-sin J(a - y3). 



, tan a ± tan j6 



sioa-sin/S 
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T6 ATT TtTT.T ART FORMULAS. 

sin o ± sin ^ _ 



^^ sin g + sin ff _ tan ^ (g + ^S) 
sin a — sin ^ tan J- {a — /3) 

60a 5in»a-sin»y3 = sin(a + ^.sin(<i-;3). 

604. cos*a-eo8*/5 = — aio(a + /3)sin(a- j8). 

605. cos^ a — sin* /3 = cos (<* + /3) - cos (a — ff). 

606. 8inxi= J-i(e' — 6-*) = isinhic, 

607. cos xi = i(e'^ + e-'') = cosh X. 

608. tan a;i = ^i^^P^T^ = i tanh a;. 

609. e'+'^ = e*cosy + ie'8iny. 

610. a'*'' = af cos (y ■ log a) + io.' sin {y ■ log a). 

611. (cos B±i- sin ^)" = coa Jttf ± » ■ sin nfl. 
6ia sina! = -ii(e"-e-"). 

613. cos a; = i^ (e^ + e--^). 

614. tana: = — *-T-r-— r- 

6*^+1 

615. sin (x±.yi) = sin x coa yi ± coa x ain ji 

= sin X cosh y ± i cos x sinh y. 

616. cos (x±.yf) = cos x cos yiz^smx sin j/i 

= coa X coah y t * sin ^ sinh y. 
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AUXILIARY FORMULAS. 
In any plane triangle, 

sin A sin B sin C 
618. a' = ft'' + c'-2ftcco3A 



619. 



a + b sin .^ + sin .B _ tan \{A + S) ctn ^ C 

a - 6 ~ sin ^ - sin B ~ tan i(^ - 5) ~ tau J (^ - i*)' 



620. sini^=!-\/^^ — ^^ — ^, where2s = a + 6+c, 

621. coBJ-^^^ V^","" ' ^ - 

■• y be 

622. tani^=-\P^^^^- 

623. Area = -J-fc sin ^ = Va(« - «) (s - 6)(s - c). 



In any spherical triangle, 

ftsd ^^" -^ _ sin 3 _ aip C 

sin a siu b sin e 

625. cos a ss cos t cos c + sin ft sin c cos ^. 

626. — COB A = cos B cos (7 — sin B sin (7 cos a. 

627. sin o ctn 5 = sin (7 ctn £ + cos a cos (7. 



628. msM=V ''".'„7.To°' - 

629. »i„i.4=-jH23i;55Hi. 

' ' Sin ft -Sine 

630. unM=\^i2SEiE|i5Zi. 

' sin s- sin (« — a) 
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78 AUXILIARY FORMULAS. 

631. cosi. = -J^i^3IiHi(ZEl}. 
* ' sin B- sin C 



632. .ini„^ JE^lZ:pZ3. 



coo . , , / —coaS-eoB(S — A) 
633. tani.^V oos(^-g).ccs(^-C) - 



2^=^ + B + C. 



634. cosj-(^ + i 



3i(a+6) 



■sic 
635. cos i(A-B) = °"' ^ ^^ + "^ sin ^ C. 



sin^c 



636. siii|-(^ + B)- 



^ ^ , ^ C' 

cos ^c - 



637. sin^{^"B) = ^^5lf^_Jlcos.c_ 



640. tanJ.{a + 6) = 



cos J (a 4- i) 

- sin j- fa — b) 
^ Aniia + b)" 

cos^fvl — B) 
ciOBi{A + B) 
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AnX[LIARY FORMULAS, 



79 



111 interpreting equations which involve logarithmic and 
anti -trigonometric functions, it is necessary to remember that 
these functions are multiple valued. To save space the 
formulas on this page and the next are printed in con- 
tracted form. 

643. sin-' 3! = cos-' ^1—3? = tan^' -^^= = sec-' , ■ 

= c8c->i = 2ain-'[i -jVl-a;*]' 

= i-sin-' (2 a; Vl - ar^ = 2 tau-' — — ?-^ 

= Jtan~' — r ^—j- = ji" — cos 'o! 

= ^w — sin-' Vl — a;' = — 8in-'(— a;) 

= ctn-'^^^-^^'=(2n-l-i)ir-nog(3! + V3:'-l) 

= i IT + i sin-> (2 a;* - 1) = i- cos-'(l - 2 x% 



= j7r-sin-'(E = 2o 
= ico8-'(23:'-l) 



■ w — C03~'(— a:) 



• log(i + Va? - 1) = IT - i log(Vrc' - 1 - 1). 
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80 AUXILIARY FORMULAS. 

, . , a! ,1 , ■ , 2a; 

64a. tan~'a; = Bin~'— 3^^^ =cos~^^-= =4- sin 'r— — j 

= etii~'-- = i7r — ctn~'ir = sec"' vl + x' 
X * 

= iir — ta.li-'- 

L 2 VTT^^ J L 2 ^TP^ J 

= — tan~*(! + tan-i y— — = 
- * • '"S i^rS = i ■ '"8 73T 



- tun- ' (— x) 



1+xi 



646. sin-' x ± sin-' y = sin*' [a; Vl — j/* ± y Vl — a;'], 

647. cos-'x±cos-'i/ = cos''[a:;/^ V{1 — a:') (1 — y)]. 

648. tan-'a!±tan-'w = tan-' J^^^ ■ 

649. siii-'a;d;Cos-'y = 8in-'[iri/±V(l -ai'Xl -jr^] 

= cos-'[y Vl — a:' q^ a; Vl — y*]. 

650. tan-'a:±ctn-'w = tan-' ^^^ =ctn-' V^'' . 

651. log (x + yi) = i log (a;« + y^ + i tan-' (y/x). 
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AtTXILlAEY FORMULiS. 81 

B. — Hypekbolic Functions. 

652. sinb a; = J (e* — e-") = — sinh (— x) = — i sin (ix) 

= (cBch x)-' = 2 tanh ^ ar -»- (1 - tanh* ^ a;). 

653. cosba; = i(e' + e-^ = cosh(— «) = cos(t3!) = (3echa:)-' 

= (1 + tanh»i3:)-i-(l - tanh'ia:). 

654. tanha! = (e*- e-')-H(e* + e-') = - tanh (-(b) 

= — i tan (ix) = (ctnli «)~' = sinh x + cosh a:. 

655. cosh xi = cos x. 

656. sinh xi = i sin x. 

657. cosh'a; — 8iiih'« = 1. 

658. l-tanh*3! = sech'3!. 

659. 1 — ctnh*a; = — csch'a;. 

660. ainh (x±y) = sinh x ■ cosh ^ ± cosh x ■ sinh y. 

661. cosh (« ± y) = cosh x ■ eosh y ± sinh x ■ sinh ?/. 

662. tanh (x±y) = (tanh a; ± tanh j/) + (1 ± tanh ar ■ tanh y), 

663. sinh(2x) = 2sinhxcoshx. 

664. c03h(2a;) = cosh*a:+8inh»y=2cosh*3!~l = t + 28inh'3;. 

665. tanh (2 a;) = 2 tanh x-i-{\ + tanh' a;). 



sinh (J a;) = V^ (cosh x — 1). 



667. cosh(ix) = Vj-(co3h3! + l). 

668. tanh (J a;) = (cosh » — 1) -s- sinh a; = sinh x -i- (eosh a; + 1). 

669. sinh X + sinh y = 2 sinh j- (x + y) ■ cosh J (a: — ^). 

670. sinh x — sinh j = 2 cosh i (x + y) ■ sinh J- (x — y). 
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82 ADXILIABT POBHULAS. 

671. coah X + cosh y = 2 cosh Hx + y)- cosh i(x — t/). 

672. cosh X — cosh y = 2 sinh ^ (x + y) ■ ainh J (a; — y). 

673. d sinh « = cosh x ■ dx. 

674. d cosh a; = sinh x ■ dx. 

675. d tanb x = sech' a; ■ lie. 

676. dctnha; = -csch»a:(ie. 

677. d sech x = — sech x ■ tanh x ■ dx. 

678. rf each x = — csch a; ■ etnh x ■ (£r. 

679. sinh-'a; = log(x+^^^»TT)= r-7^= 

= cosh-' Va^ + 1. 
68a cosh-»(E = log(a: + V^^)= r-;^= 



= sinh- 



V^^. 



68L tanh->a: = J log(l + a;) - i log(l - x) =/j-^- 
688. otnh-'^ = \ log(l + a;) - i log(a! - 1) =/j-^,- 



683. 



aech-« = log(i + V^) = -/;vfe= 



, csch-'x = \og(^ + yj^ + l) = -C~fi=^- 



685. rfsiiih~'x = 

686. dco8h-»x = 



dx 
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687. 


ita„h-., j_^. 


688. 


^*-— -^; 


689. 


dx 


''"'""''"' Wl-^V 


690. 


U-A"; *° 


a^Vaii + l 



If m is an integer, 

691. 3inli{mTr*) = 0. 

€92. coah (win) = coa mir = (— 1)". 

693. taiih(mTrt) = 0. 

694. 8iiit(a; + T»m) = (— 1)" sinha;. 

695. cosh (x + m7rt) = (—l)"' cosh (x). 

696. sinh (2 m + 1) ^Tri = -i sin (2 m + 1) i ir = ± f. 

697. eosh(2m + l)i7rt = 0. 

698. ainh f ^ ± a: J = i cosli x. 

799. cosh (--■±2!l = ±t sinh x. 

700. sinh It = tan gdw. 

701. cosh M = sec gd u. 

702. tanh m = sin gd m. 

703. tanh J m = tan J gd m. 
'/Ol H = logtan(i7r + igd«). 
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If « = i!'(^,*)-jr 



Elliptic Functions, 



s:- 



d$ 



■ V{1 - g") (1 - Fs") "'o Vl -AHin'fl 
whete A; < 1, and x = sin ^, ^ is called the amplitude uf u and 
is vritten am (u, inodA:), or, moresiiuplj, amu; x = sin^ = SQU, 
Vl — x* = cos 1^ = en u, Vl — AV = A^ = An u = dn u, 
-S'= F{i IT, k), IC = F{\ IT, k"). 
Hence, ain(0) = 0, 8n(0) = 0, cn(0)=l, dn(0)=l, 
am (— m) = — am M, sn (— m) = — sn w, 

cn(-M)=CQ«, dn(-u)=dnw. 



705. 


sn'M + cn'w = 1. 


706. 


dii"i. + S'sn'» = l. 


707. 


dn»M - A'ca'M = 1 - A* = A". 


708. 


„ 2 sitK-cnw tin t( 


°''-" l-i-m'» ■ 


709. 


m'«-sn'«.dn'« 1 - 2 «n'« + 4- sn'« 


°°-" l-f8n'« l-ft-sn'™ 




2aii'«-dn'« 2 cn'w 




1-fsn'u l-i'sn'» 


710. 


a„„„ ■i"'"-*''-'"™'" l-2fs..',, + F™<., 


''°-" l-i>sn'„ l-t'.n<» 




, 2 4»8n'M.cn»w 2dn'M 

' l-4>sn'« l-PBn'« '■ . 


711. 


yuX l-cn« 1— dnw dnw-ciiM 


™V2/' H-dn« i'(l+cii«) i' + dno-fcnn 


712. 


y«\ dn « + en « 4- m « - t" + dn « 
™ W 1 + dn « f(l + on «) 




4-(l+cn«) 



ft" + dn u — ft* cn « 
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». J, >^«\ ft^ + daw + ft'cnw k*(cnu + dnu 



k'*(l + dn w) 

M 



fc" + dn M — fc' ca M 

If, moreover, w = I -^. — — 

•^« V(i - «») (1 - A 

714. an' u — sn*v = en* w — en' «. 

_,_ , , sn u-cn v-dn V it en U'BQ V'dn u 

715. &n(u±v)= T-- ,, - ■ „ ; 

'■ ' 1 — A;*8n"«-8n'r 

_,-. , , cnu'CnvsisnU'Sn V'dn U'dn V 

716. cn(K±w) = ; — Ti- i i 

= CB M ■ en f T sn M ■ an V ■ dn (« ± ii), 

„_ , , . dnw-dnw T ^' sn u-sn wen Mcn « 

717. dn (u±v) = ^ ,. . ■- . - 

'^ ^ 1 — ft* sn^ M ■ sn* w 

= dn M ■ dn p q: fe' an w ■ sn r ■ en (« ± «). 

_,- -, , tnwdn « ± tn w-dn « 

718. tn(uztv) = z 7 7 5 7 

^ ' 1 T tn M ■ tn r ■ dn M ■ dn « 

_. , , . , , ^ 2 an M ■ en 11 ■ dn V 
^ ' "• ' 1 — ft' sn' w ■ sn* » 



^ ' ^ ' 1 — ft' an' M ■ an' V 

__, , . , . . , 2 en M ■ en V 

^ ' ^ ' 1 — ft'an'w-sn'v 

-n„ , , , , , 2 sn M ■ sn « ■ dn M ■ dn 1; 
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86 AUXILIARY FORMULAS. 

724. dn <u + v)- dn in — v) = z r: — i i 

^ ' ^ '' 1 — k' sir u-airv 

sn'w — sn'i! 



725. sn(. + „).sn(«-») = j 



- i* sn* w ■ an" 1 



_ cii'i. + an'M.dn'i. ^ 1 r dn'» + A* sd'u. cd*^> 1 

1- A'an'wsn'w Jf L 1 - ft" sn'w. 8n*« J' 



1 — A*8u'«-3n'u 
an* M ■ dn' « + sn' « ■ dn' i 



1 — A^ sn' 1* . sn' t 



727. dn(i* + i)).dn(H-«) 



1 — A' sn'u — A'sn')! + A' sn'wsii't 
1 — A' sn^M-sn'ii 



l-A'sn'«-sn*B 

, , , . sn u ■ en u ' dn t; ± sn V - en V - dn u 
n(M ± v)m(u=fv) = l-fc'sn'u-sn'w 

; ■ dn M - en V ± sn V ■ dn w ■ en M 



, sn(«±«)dn(«=Ff)=- 



1 — A* sn' M - sn' V 



-a- , ,. , > enMdnM-eni'-dni'TA'*snMsnv 

730. cn(u±v)da(u=pv) = z rj — ,- - — . 

m ci^..(.. + .)][i^.u(„-.)] = (-g-t"r- 

732. bh («i, i) = • SD («, 4')/cli («, S^- 

733. oii(«>, *) = 1/011 («,i'). 

734. dn (iii, i) = dn («, J;')/cn («, 4'). 
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= dnM. 



736. — ; — = en « - dn M. 

du 

737. -^ — = — an M ■ dn « 



739. ^=^^ = 2 k^m'u - (1 + i*) sn «. 

740. ^^^ = (2ft=-l)cnM-2ycn*M. 

du' ^ 

74L ^^^ = (2-ifcOdnK-2dn'«. 

du* ^ ' 

742. 8n(«± ff) = ±cnM/dn«, an(«±2ff) = - snw, 
8n(K ±3 Ji:) = T CI. M/dn «, an(M ±4 «-)= snw, 
sn(M + K'%)= 1/keuu, and, if m and n are integers, 
an (w + 2 mA" + 2 nlCi) = (- 1)- an m. 

743. cn(«±ff) = ;F*fc'snw/dn«, ca{u±^ K)= - anu, 
cn(M±3 Jf)=±&'8nM/dnM, cn(M±4if) = cnM, 

en (m + ICt) = — t dn «/ & an M, and, if m and n are integers, 
en(a + 2 mK+ 2 «jr'i) = (- l)"'+»cn u. 

744. dn(«±A-)=ft7dnM, dn(M±2^ = dnM, 

dn(« + JCi) = — icnu/sau, and, if m and n are integers, 
dn (« + 2 mA" + 2 nlTi) = (- 1)" dn w. 
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D. — Series and Products. 

[The expresBioD in brackets attached to an infinite series shows values 
of the variahle nliich iie within the interval of convergence. If a eencs 
is convergent for aii finite values of *, the expression [a5<oo] is used.] 

745. (o + J)" = a" + ««''-'fi 



(a-ft)lft! 



+ ■ • .. [4'<«'.] 



746. (.-J«)-. = l[n-^ + ^ + 5V + ...J. |-j,,,<..j 



747. (l±ii!)- = l±»i + 



'J2LZII,, 



.(.-l)(.-2)»^ (±l)-.!»- 

3! ^ ^ (n-kV.kl. 

[rc-<l.] 

748. (l±te)— = 1t»i + "^""'"'^ " 



21 

.(. + l)(. + 2)»- (» + t-l)l# 

•^ 3! ^ '•^> (n-iy.k! ^ 



'«-(l±«')' = '±i'-0"^*2.4 



1.1 , 11.: 
0"^*2 

1 i.a.'s 

2. 4.6.8'' 






7M. (l±«r.-l=f}a, + ll|.r>T|^:r 



^ 13 6 7 . r J ^ n 



«, „ ,. * . 1-2 , 1.2.5 
1.2.5.8 . 



[»^<1.] 
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752. (l±»)-l = lT^«^ ' ' 

. 1-4. TIP , ,.^, , 

753. (l±x.).= l±l.--j^±^^^-^:^^^±.... 

754. (l±x-)-'=l=fi»^ + H"''=f^»^"+---- 

[«■<!.] 

755. (l±i)-> = l=Fa: + «!'Ti' + a!'Ti'+-'-. ["!' < L] 

3-1 , 3-11 
^•i-i" "^2.4-6 

[«'<1.J 



756. (l±«)! = l±}j^ 



' 2.4.6.8 ■*"2. 4.6.8 10 

757. (l±r»)-i=lT}«! + |^«'T|^|^«' + --. [«■<!.] 

758. (l±i)-"=lT2a! + 3i'T42' + 6»'T6i?H . 

[«■<«.] 
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A series of numbers, B„ B„ B, ■ ■ ■, of odd and even 
ordei's, which appear in the developments of many funuttoDS, 
may be computed by means of the equatioDS, 



— 9^ /9 » — .fi\ 

(-!)■ 



2«(2.-l)(2.-2)(2»-3) 



^'''" ~ '> B.. 



-1)J 



Whence B, = J, B, = 1, fl, = ^, B, = 5, A = ^, B. = 61, 
B, = ^,B, = 1385, B„ = 5^, B,„ = 50521, 5„ = ^fjj,, B„ = 
2702765, Bit ^ i> etc. The B'a of odd orders are called 
Bernoulli's Numbers ; those of even orders, Euler's Numbers. 
What are here denoted by B,„_| and Bj, are sometimes rep- 
resented by B, and E„ respectively, 

(2»)! (2'--l)7r'.L 3" 6"^7" J 

J?-u = ^!::i!r,__L + J___L+...l. 

(2»)I ii'-i'L 3'- ^6"- 7"^ J 

'"• ^-1-' 2+2! 41+6! 8! + ' 

[«<2^.] 

765. log a, . (» - 1) - iCo! - !)■ + i(.i - 1)' . 

[3>,>0.] 

766. 108": = ^+l(^)' + 4('^Y + --. 



D.,.„cb,Google 
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769. log(i±|) = 2[i + J»^- + ii' + ).'+ •]• [*'<1] 



771. 



g(j!+Vl+»') = x 



la^ , 13*' 1 3 5a;' 



2.4.6 2.4.6.7^ ■ 
['■<!■] 
Series for denary and other logarithms can be obtained 
from the foregoing developments by aid of the equations, 
log„a! = log.a; ■ log„e, log,* = log„a! ■ log,a, 
log, {-z) = {2n + l)jri + log,^. 



772. 1 



'3! '''5!" 



[:.»<=c.] 



773. cosa: = 1 — -^ + j^ — ^+ ■ • ■ = 1 — versina:. [x*<».] 



3 15 315 ^ 2835 
2'-(2'.-l) £,.,,»■— 
(2»)! 

a; I* 21* x' 
3 45 945 4725 

x(2,y. 



:^'<iir:] 



[«■<!■.] 
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776. sec. = l+--|--+_ + ... + -^ + ..-.|_:^<-^.J 

777. ,^. „- + - + — + — 

778. .„-.;. = . + - + ^.- + ^^^.- 

+ ••■= J.r-oo»-'«. [«'<1] 

779. taii-'a: = a; — ^ar' + ^a^- }a;'+- ■ ■ = Jw - ctii-'a-. 

780. ta„-.x-f-i + 3^-A-. + .... [.->1.] 
„, _, TT 1 1 1-3 1-35 



2 a; 6x» 2-4-5ar» 2-4-6'7a;' 

= J'jr — CSC"' a;. [3:^>1.^ 

g sin a; = log a; - ^ a^ - T Jn I* - 75^5 a;' 
2>— 'B,„_,a:=" 



[«^<7r»] 



«(2«)! 
783. log aosx = - ix^ - -^x* - ^\x* - gjjg a;' 



28— i(-2'°-l).g^,„_ia^" 
«(2«)! 



784. logtana^^logx + iar'+ZaX^ + sSfsX" 



2! 4! 6! 61 ' 7 ^ 
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787. ,-. = l+« + ^ + ^ + ^' + 2Ii! + ....f:..<i,..] 



[^<1 


■] 


[:.><1 


■] 


[«.<« 


'■] 


[«■<« 


■] 



"-i + «+o-7r-^-- 



79L«oeh. = l+^ + ^ + !' + 5; + - 



792. tanh » = (2' - 1)2'.S, |j - (2- - l)2'i, J + ■ ■ 

-5[(-l)— 2'-(2- -!)£,._, a^—/(2,)!]. 

793. ctnh » = 1 (1 + S [(- 1)— ' 2"- £,._, i"/(2 «)!]). 

[»'<T'.] 

794. sechi-H-,S[(-l)-«,.«'V(2»)!]. t«"<i5r".] 

795. csch « = 1 + (2 - 1) 2 «, |j - (2- - 1) 2 B, |j + • • 

= l(l + 2S[(-l)-(2"-' -l)2),._,ai-/(2»)!]). 

796. smh-^x = x-i3^+ 2.i.5 " 2-4-6. 7 [a:'<t.] 
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X S3^ 5x' 



(9. C8ch~'a!=- 



«a. 



X 2-3-a^ 2-4-6 a^ 2-4-6-7-*' * 

[«■>!-] 

Lj;'co.(^i.-.-j^,+^-jf^+---- [.=<«.] 

r' 3^-'(fo; _ 1 1_ __1 1__ 

Jo l+a^ ~« a + b a + 2b a + St ' 



803- /(I + i) - /{») + i -/■(«+ «*)- 

804- /(I + 4) -/(x) -h 4-/'(«:) + ||/-(i) 

+ ■•■ + —/■(« + «*). 
805. /(ir + *)=/W + *-/'W + |-'/"(a!) 

806- /(« + 4, SI + i) =/(«, J) + */■,(! + «*,!(+ 94) 

+ V,(» + «*.» + •')• 

807- /(I + i, > + 4) -/(«, !,) + (t^-^^ + *^^^) 
--V) . .., yf('.S) , ,,m'. 



^ky-^-'^^'^m-^'^) 
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+ ^ (Ai), + kD,yf{x + «A, y + 6k). 



= — sill — 



+ is. 



- + i sin-^ +■■ ■ ■ 

\<i<x<c.-\ 



OAA 2e\' . TTx , . 2-jrx ^ , . Zirx 

809. a; = — sm i sin 1- * sin 

•JT \_ G c <•- 



•} 



[-«<^<o.] 

... c 4cr Tra;,l Stts;! Sttj^, ~| 
810. « = i cos \--^„ cos h 75 cos 1 ■ 

Z IT \^ G 6 CO G J 



[0<«<<,.3 



IT* . 37r 
-jBin — 

3 wa; IT* , 4 tts; 



„„ , c" 4<i'r irx 1 27rx , 1 S-n-at 

812. * = o - :z? '''>* "7 ~ 2" ^'"^ ~e~ 3^ '^''^ ~'c ' 

1 47rir , "I r ^ ^ -, 

-pco8-p + ---J- [-c<x<c.] 
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813. logsiniir = -log2-c08a!-icos2a;-4co33x . 

[0<a;<i7r.] 

814. logcos^a; = — log2 4-COaa; — Jcos23; + icos3a: . 

[0<3:<i7r.] 

815. /(ir) = i6o + S,co8~ + &,co3— + ■"■■ 

■ " 
+ a, sm - 

1 /•*" mira 
where b^ = - \ /(a) cos da, 

1 C*' .. , . mva 



— [-©■][-(0][-(^)']- 

~[-(vOl-(0][-(0]- 



2'-4'.6' ■ • ■ (2OT)'(2m + 2) ^ tt 
I'.S^-ff ■ ■ ■ (2m+iy 2 



2'-4'-6' ■• ■ (2w)'(2m + l) 
1'.3».5'- ■ ■ (2m + l)" 



819. j; 



«^)-^{^ 



2-4.6(2» + 2)(2« + 4)(2» + 



4 (2 » + 2) (2 » + 4) 
■}• 
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E. — Derivatives. 



821. 
822. 



d(u + v) du 



2i„„*!j 



^(S)A 



df(u)_df(u) rf«_ 



<pf(^ 



_df_ ^ ^ rfj^_ 

du tix* du' dx' 



828. 


- = «..-. log... 


829. 


^.>.»(l+Iog,r). 


830. 


^(lof.a,) 1 . 
dx a; -log, a 


831. 


^f cosx. 
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AUXILIAlli: FOKUULAS. 

„__ dta.Qx 

833. - —z — = sec'a;. 

an, d Ctn ir. . 



841. 



xVx' - 1 
dcaC^x 1 



fiAit ^ s\n\\ X , 

843. — -J = cosh X. 

d poali ; 



844. 






= sinh X 
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d sech X 
dx 


— sech X 


■ tanh X. 


d each X 
dx 


— cseh X 


■ ctnh X. 


dsmh-^x 


1 





Ma. 


dx 


— '■ 




d cosh- 


'x 




dx 






d tanh- 


'x 




dx 






d ctnh- 


^a! 




dx 






d sech- 


^x 




,(tr 




RM 


rf csch- 


'X 



•^ X Va;^ + 1 

855. ^X'/W'*'' •'■(*>■ 

858. £fe:il = „.^ + „.^.^llL!! 

rfa;" lia;"- dx dx^~^ 



+ 



2! rfa;' dx'"~* dx'^ 



8fS9. If /(a;, y, s, ■ ■ ■) is a homogeneous function of the nth 

order, so that f(kx, \y, \s, ■ • ■)- \''f{x, y, z, • ■ ■), 

X ■ 7>./ + y ■/>„/+,?. A/ +■■■ :h «/. 
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100 AUXILIARY FORMULAS. 

860. Ifa: = ^(y), 

rfy _ 1 d^ _ ^" (i/) 

d^_ HV(li)T-*'Oj)r'(u) 

861. ltx = f(l) and y = +(t), 

^^t<& A' _ /(')■♦"(')-/"(')■ ■»'(') 
dx /'(f) ^ [/■(<)]• 

868. H/(x,j,).0, 

dx dx' Zy- Dj' 
ifil D.'f (I>,.r)' - 2 C.J./. D.f ■!>,/+ D.'f- (D,f)' 

dx- (Z),/)> 



■ If y -/(»■■'). "-♦W, and •-♦(«), 
da; du dx dv dx 

^^Pf (duV ay A Ai ^ /aV 



-u-.S'J+'iu'-v'-LJIJ+t'D:; 
+ «"•»./+»" -A/. 
8M. H f(x, y, zj-O, Dj:--.- DJ/DJ, 

- 2 A/ D,f. DJ),f+ A*/(«./)'] / (A/)', 
2)^^ - - [D.i),/. (!>./)• - A/D^. D,A/ 

+ !>./■ II J- I>.I>.f+ KJ- H.t- I>:n KDJf- 



:\,00^<Z 



AUXILIARY FORMULAS. 



101 



865. If r=,l.(u,v), u=Mx,y), and v=f,{x,y), 

+ A * ^i*W + A * - I>x'>, 

D,D^ r=DJ>f>- D^u ■ D^u + D„' <^ ■ D^v ■ D^v 
+ 1) J), if, (D^v ■ D,u + 2>^ - D^v) 

+ i>„V[(-0.i')*+(i>.^)'] 

+ 2 i)„D> ■ [2>^« - D,v + D^u ■ i>,v] 

In the special case, u = r = Var' + i/^ «s tf = taii~'(y/a;), 
we have Z>ra: = costf = x/ VxM-p; !>,;/ = sin tf = y/^x'+if\ 
D^= — r^m$ = — y; Dgy = r coa9 = x; 
Bjr = x/ Vie" + y' = cos tf ; i>^r=y/ V^M-p = sinflj 
Afi = - y / (*" + 2/") = - sin tf A ; 
D^=a;/(a;* + /) = cos)9/r; and 

866. If r=^(M,«), u=f,(r,0), and v=ft(r,$), 
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102 AUXILIARY FORMULAS. 

+ D„Fr2>> + ^ A" + J- ^a1- 

867. If V=^{u,v,w), u=M^,y,z), v =f^{x,y, z),mA 
+ D,V- D^u 4- A y- 1>^>' + 1>« V- ^Z'" 

D^ F + A" r + A" r = d: V. [(A")*+ ( A")° + (A")'] 

+ A* r[(A«')' + (A'")' + (i*.'")*] 

+ 2 AA F ■ [ A" ■ -O." + -O," ■ -''," + A" ■ A"] 

+ 2 Z)„Z>„ r ■ \I>,v ■ D,w + D,v D^w + D,n ■ D,w] 
+ 2 i>„2>, F- [Aw ■ A" + A'<' ■ A" + A'" • A'O 

+ A f'- [ A*« + A"" + A'«] 
+ D^r- [A'" + A'" + A*"] 
+ AF- [A*"' + A''" + A'w]. 

In particular, if 

x = r sin$ cos ^, y = r sin fi sin ^, z = j- cos tf, 
80 that w = r' = a:» + y'' + s', w = tf = tan-'(Va;» + y/s), 
«'=^ = tan-'(y/a:), we have 



i)^ = cos fl = 3/ Va;' + y'' + 3' ; 
i>^ = sin * cos <^ = x/ Va:* + y" + s' ; 
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D^y = sill $ sill ^ = yi Vx' ■+ 1/ + ^; 
J>g* - - r sill fl = - Vx' + y" i 
i)»x = J- cos # cos <^ = sx / Var' + y' ; 
Z>fl(/ = r cos fl sin tfi = zy / Vx' + y ; 

iJ^x = — r sin tf sill ^= —y; 

D^V = r sin tf cos i^ = a; ; 

jr>^r = zfr = cos 0; 

i>/ = - Va:" + y^/r' = - sin tf/»-j . 

A* = ; 

2>^ = x/r ~ sin tf cos 1^ ; 

J}j9 = xis/r* Vic' + y^ = cos tf cos^/r; 

■0> = - (//(a^' + y^ = - sin */»■ sin fl ; 

P^r = j/)- = siiifl sim^; 

D^ =sy/r*Va? + y' = cosi3 9iii^/r; 

i>^<^ = 3;/(j;« + )/^ = COS ^/r sin ^; 

(Zt»» +(Z>^*)'' + (2>,*)'=l/j^siii'6ii 
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AOXILIARY FORMULAS. 



868. Ifi=/,(»,.), ,=f,(u,v), ../.(.,..), 

i>J,i>,f,-i>J. nj. 



"J" 



869. If a: =/(e, m), and y^'i.iz, u), 

870. If Fi{x,y, «, M,it) = 0, 

J', (I, J, s, «,..) = 0, and F,(i,,j,z, 



,) = 0, 



J>,fi D^Fi i)^i 
D^i D^Ft D,F, 
A^B A^» i^.^i 



/>^J', i)„^, A^i 
D^F, I>J\ 1>,F, 
D.F, D.F, D,F, 



871. If F, (X, y, 2) = 0, and F,(x, y, z) = 0, 



D^F, ■ If^Ft ~ l>,i^, . D^F, DJ", -I>„Ff I>^Ft ■ D^F^ 



I}^iD,Ft- D^Ft-D^Fi 



If each of the quantities yt, yt, yt, ' ' ' y„ is a function of 
;he n variables 3:1, a;,, x^, • • • x„ the determinant, 

n„yi ^.jii .»..!/. • ■ ■ 
.0.,!/. D^, i>,,y, ■ ■ ■ 



i>.,y. n^. 



D.,.„cb,Googlc 



AUXILIARY FORMULAS. 105 

is called the functional determinant or the Jacobian of tlie 
^s with respect to the a;'e and is denoted by the expression, 

a(;/„y..ii.. ■■■;;■), „, ^, -, ,„ „ . . . ^^^ 



ei.„r,,,---..y'"'-^' 




8(!/„ »„!/., ■■■y.) 8(1,. I,. rt„ • 


■■'.) 


8(«i> x^ »!,■■■ a:.) a(>„ yj, ;/„ ■ 


■■!/.) 


2(?/,. ys. ya. ■ ■ ■ ;/») 8(2i. ^2, %. ■ 


■■^.) 


a(si. «2. »!,■■■ s„) e{a:„ a;s, a:,, ■ 


••aij 


_ 2(3/1. 2/!. 2/s. ■ 


• ■ .».) 


S(3-., a-s, ar,, ■ 


■•a,.) 



If the ys are not all independent but are connected by an 
equation of the form <^{yi, j/j, ijn, • ■ ■ y„) = 0, the Jacobian 
of the 2/'s with respect to the x's vanishes identically ; and, 
conversely, if the Jacobian vanishes identically, the i/'s are 
connected by one or more relations of the above-mentioned 
form. 

The directional derivative of any scalar point function, u, 
at any point, P, in any fixed direction PQ', is the limit, as 
PQ approaches zero, of the ratio of Uq — h^ to PQ, where 
Q is a point on the straight line PQ' between P and Q'. The 
gradient, A„, of the function w at i" is the directional deriva^ 
tive of w at -P taken in the direction in which u increases 
most rapidly. This direction is normal to the surface of 
constant u which passes through P. 

874. V -(/>.")* +(-Z>^«)'+ (Aw)'- 

The directional derivative of any scalar point function at 
any point in any given direction is evidently equal to the 
product of the gradient and the cosine of the angle between 
the given direction and that in which the function increases 
most rapidly. 
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106 AUXILIARY FORMULAS. 

The nor) al der at o at a j po t P of a po nt fu ct on 
M, taken w t respect to anot er po nt fnnct o s tl e 1 n t 
as PQ app oachea ze o of the rat o of ^ to v^ p 

where ^ is a po nt so cl ose o t e norn 1 at i* of t? e 
surface of on ta t wy h ( asses th ough P that ^ p 
is positive. If ( u) de otes the angle bet veeti the d re t ons 
in which u anil i increase most rapidly, the noiinal detivatiiea 
of w with respect to v, and of v witii respect to u may be 
written 

Aj cos (m, w) -j- h,., and h, ■ cos (m, v) -^ A, 

respectively. If A„ — A„, these derivatives are equal. 

F. — Miscellaneous Formulas. 
If 5 is a plane analytic closed curve, n its normal drawn 
from within outwards, and dA the element of plane area 
witliiii s, the usual integral transformation formulas for the 
functions u and v wliich, with their derivatives of the iirst 
order, are continuous everywhere within s, may be written — 

875. Cu ■ cos (x, n)ds=C C D^u ■ dA. 

876. r[M.cos(.r, n) + vcQs(>/, v)-]d.^=C C{D,u + D„v)dA. 

877. (d„u ■ds= C C(D/ii + I\h>) dA. 

878. C C {D^H- Dj> -^ D^u- D^v)dA 

= Cii-D^v-ds- C Cu{D^o + D^hi)dA 
= Cv ■ D^u ds- C Cv {D^a + D^^u) dA. 

879. r Ck (D^u ■ D.J! + /)„« - D^v) dA= Cx- u D^v ■ ds 

- CCu [D, {K ■ Dj>) + i^, (A . I>,v)-\ dA. 
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If $ and ij are two analytic functions whleli define a set of 
orthogonal curvilinear coordinates, and if (f, n) and (■>/, n) 
represent the anglea between n and the directions in which 
i and ij, respectively, increase most rapidly. 



889. //;;, - A, . i>, (^J dA =fu cos (,, n)ds. 

881. ff/it ■ K ■ ^e (t-) dA=Cjt - cos (C, n)(ls. 

882. If r is the distance from a fixed poiiit, Q, in the coordi- 
nate plane, 

I —_ — - — = 0, TT, or 2 IT, according as (|J is withoiit, 

on, or within s. 

If S is an analytic closed surface, n its normal drawn from 
within outwards, and dr the element of volume shut in l>y S, 
the usual integral transformation formulas may be written — 

883. r Cu cos (x, n)dS= C C C H,u ■ dr. 

884. J*/[« cos ix, n) + v cos {y, n) + w cos (.-.-, n)-]dS 

885. CCD„u-ds - C C C(,DJm + /)> + 7V")''t. 

886. CC C{D^.D^v-^ D^H-D,v+ D^uD^i})dT 

=jf'' ■ n.' ■ <is -fff" (-".'" + V' + .».'»)* 

-ff' ■ D.<t ■ dS - rjT" C'" + -f,'" + D.'")iT. 
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887. f f f>^ (-OxW - -Oi" + 0,« ■ -D," + A" A") '^ 

- r r ri»[Z)^(A.Z»^w) + i)^{Xi)^«) + I>,(kD,n)-idT. 

If f, j;, ( are three analytic functions which define a system 
of orthogonal curvilinear coordinates, 

888. ///j,.„,.*j.D,(ji-) d. =//..cos (f, .),iS 

89L If )■ is the distance from a iixed point, Q, 

I '• \s' " <^'S' = 0, 2 T-, or 4 IT according as ^ is without, 
on, or within S. 



Stokes's Theorem. — The line iiitegr.il, taken aronnd a 
closed curve, of the tangential component of a vector point 
function, is equal to the surface integral, taken over a surface 
bounded by the curve, of the normal component of the cnrl of 
the vector, the direction of integration around the curve form- 
ing a right-handed screw rotation about the normals. 

If X, Y, Z are the components of the vector, 

892. C{Xdx + Ydy + Zdz) = C Cl{D,Z - B, Y) cos {x, n) 

+ (I>,X- D^)cos(y, n) 

+ (I>,Y- Z>,A')cos (z, n)]dS. 
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Equations 893 to 897 give Poisson'a Equation in orthogonal 
Cartesian, in cylindrical, in spherical, and in orthogonal curvi- 
linear co&rdinates. 

893. \''V=D,^r+D,'r+I>J'r=-i7rp. 

894. --If^ir- D,r) + ^- Dt'y+ D,'V= - 4-n-p. 



+ D« (sin 6DeV') = - i.TTpr' sin B. 
896. Aj'-7)j'r+ V-P,°^+ V'-^s;'^ 

897..,.A...,{7>,(A..x>,r)+A(A-^-/>,r) 

G.- — Cektain Constants. 

TT = 3.14159 26535 89793 

log,o IT = 0.49714 98726 94134 

- = 0.31830 98861 83791 

TT 

7r» = 9.86960 44010 89359 

V^= 1.77245 38509 05516 

log,o 2 = 0.30102 99956 63981 

6 = 2.71828 18284 59045 

. log„ 6 = 0.43429 44819 03252 

log, 10 = 2.30258 60929 94046 

log, 2 = 0.69314 71805 59945 

logio logio e = 9.63778 43113 00537 

log,7r- 1.14472 98858 49400 
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INTERPOLATION. 

If values of an analytic fuiiciEoii,/(z), are given in a table for a number 
of values of the ailment x, separated from one another consecutively by 
the constant small interval, it, Ihe differences between successive tabular 
values of the function are called ^rsf iobufar d'fferencea, the difierences of 
these first differences, secojvi tabular differences, and so on. The tabular 
differences of the flrst, second, third, and fourth orders corresponding U> 

&,=f{a + S)-f(a), 
A,=/(n + 23)-2./{a + a)+/H, 
A3=/{a + 3a) - 3 /{a + 2«) + 3/((i + B) -/(n). 
A4 =/(a + 4 S) - 4 -/(a + 35) + C ./(a + 2 3) - 4 ■/(« + «) +/(a), 
where /(a) is any tabulated value. 

The value of the function for z = {a + A), where A = kS, is 

/,. + »,=/,., + i . i. + «|^ . ^ + -fcHii^! . i. 

, l<t-l)(t-2)(t-3) . 
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The Natural Logarithms of Numbers between 1.0 and S.9. 



N. 


T" 


1 


2 


3 


4 

0356 


5 





7 


8 


o 


1. 


0,000 


0.09,S 


n.iaa 


0.?/.?. 


0.405 


0,470 


0.531 


0,5R5i 


0.642 


2. 


orm 


0.742 




(IS,« 


O.S7,S 


0.916 


0-95C 


i).-m 


i.aio 


1,06'! 


3. 


1.099 


1 ni 


1,161 


1,194 


1,?,?,4 


1 ,2S,1 


1,2SI 


]:.m 


mi 


1,^61 






1.411 


1.43.S 


1.4.S9 


1.4S2 


1.504 


1,526 


1,543 


1,569 




6. 


1609 


1 .67,9 


164<) 


1 ,f/.S 


l,f.Sfi 


1 ,7(I,S 


1,72,^ 


1 .740 


I75,S 


1.77,5 


0. 


1.792 




1.82."; 


1R41 


lfi=;fi 


1S7Z 


1,Ra7 


1.902 


1.917 


19^2 




1.946 


1,960 


1.974 




2.001 


2,015 


2.028 


2.011 


2.054 


2.067 




2.079 


2.092 




2.116 


2,128 


2,140 


2.152 


2,16,1 




2.IS6 


9. 


2.197 


2.20a 


2.219 


2.230 


Z.Z41 


2.251 


2.262 


2,272 


2.za2 


2.29J 



The Natural Logarithms of Whote Numbers from 10 to 109. 



N. 


o 


1 


3 


3 


4 


5 


O 


7 


» 


» 


1 


?.m 


2 39S 


2 485 


2,565 


2.619 


2,708 


2 771 


2 811 


2 890 


2,944 


2 


2.9% 


3-045 


1091 


1,135 


,1,178 


3,219 


125S 


3.2% 


3.332 


3.367 


3 


3.401 


3.434 


3.466 


3,497 


3,526 




3,584 


3.611 


3.638 


3664 


4 


3.689 


3-714 


3.738 


3.761 


3.7S4 


3.807 


3.S29 


3.8.50 


3.S71 




6 


3.912 


3.932 


.1.951 


3.970 


3,989 


4,007 


4,025 


4.043 


4.<K-/I 


4,078 


e 


4.(W4 


4,111 


4,127 


4,14,1 


4,1,59 


4,174 


4.1 -m 


4.205 


4 22,0 


4 2.14 


7 


4-248 


i.7.M 


4 277 


4,290 


4,104 


4,.117 


41,11 


4 144 


4,357 


4,369 


8 


4.382 


4..394 


4407 


4,419 


4 411 


4441 


4,454 


4.466 


4.477 


4.489 


» 


4.500 


4.511 


4,522 


4,533 


4..543 


4.554 


4,564 




4,585 




10 


4,605 


4.615 


4,625 


4.63S 


4,644 


4.654 


4.663 


4.673 


4.6B2 


4.6'Jl 



The Values in Circular Measure of Angles which are given ir 
Degrees and Minutes. 



V 


0,0003 


9' 


0.0026 


3° 


0.0524 


20° 


0,3491 


100° 


1.7453 


v 


0.0006 


10' 


0.0029 


4>j 


00698 


30" 


0.5236 


110" 


1.9199 




0,0009 


2(1' 


0.005S 


5" 


O.OS73 


4(r 


0.69S1 


120° 


2.0944 




0.0012 


10' 


0.0087 


6" 


0.1047 


Mr" 


0.8727 


130" 








MV 


0.01 16 




0.1222 


6(1" 


1,0472 


140° 




6' 


O.0O17 


50' 


00145 


K^ 


01,3% 


70" 


1,2217 


150" 


2.6180 


V 


0.0020 


1" 


0.0175 


go 


0,1571 


SO" 


1.396.1 


160" 


2.7925 


a- 


0.0023 


2^ 


0.0349 


10^ 


0.1745 


90" 


1,5703 


■170° 


2.9671 
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Equivalents of Radians In Degrees, Minutes, and Seconds of Arc. 



Kadians. 


Equivalents. 


Radians. 


Equivalents. 


0.0001 


O' 0'20".6 


0.6000 


34''22'38".9 


0.0002 


IT 0'41".3 


0.7000 


40= 6'2S".4 


0.0003 


0= l'01"-9 


O.SOO0 


45''50'11".8 


0.0004 


0° ]'22".S 


0,9000 


Sl''33'58".3 


O.0OOS 


0" l'43".l 


1,0000 


57'=17'44".8 


0.0006 


0" 2'03".8 


2.0000 


114°35'29".6 


0.0007 


0° 2-24-',4 


3.0000 


171''53'14".4 


0.0008 


0° 2'4S-',0 


4.0000 


229° 10" 59".2 


0.0009 


0° 3-05",6 


5.0000 


286=28'44".0 


0.0010 


0° 3'26",3 


6,0000 


343''46'2S",8 


0,0020 


0° 6'5Z".5 


7.0000 


401" 4'13".6 


0-0030 


0° 10' 18".8 


8.0000 


4.58='21'58".4 


0.0040 


0°13'45".l 


9.0000 


Si.5<'39'-t3".3 


0.00S0 


0=17-n",3 


10.0000 


S72''57'28".l 


0.0060 


O' 20' 37".6 


20.0000 


1145=54'56".l 


0.0070 


0°24-03",9 


30.0000 


1718''52'24".2 


0.0080 


0'27'30".l 


40.0000 


2291°49'S2".2 


0.0090 


O'30'S6".4 


50.0000 


2S64''47'20",3 


O.OI0O 


0'34'22".6 


60.0000 


3437'>44'48".4 


0.0200 


r 8'45".3 


70,0000 


4010°42'16".4 


0.0300 


r43'07".9 


80.0000 


4SS3°39'44".5 


0.0400 


2=17'30",6 


90.0000 


5156''37'12".6 


0.0500 


2''51'53-.2 


100.0000 


5729°34'40".6 


0.0600 


3='26'15".9 


2k = 6-28319 


3W 


0.0700 


4° (y38".5 


4 jt = 12.56637 


720° 


O.OSOO 


4='35'01".2 


6« = 18.84956 


1080° 


0.0900 


5° 9'23".8 


8 7r = 25.13274 


1440° 


O.IOOO 


S''43'46-,S 


10 IT = 31-41593 


1800° 


0.2000 


]1''27'33".0 


121 = 37.69911 


2160° 


0.3000 


17°11'19".4 


14 ir = 43,98230 


2520° 


0.4000 


22°5S'05".9 


16* = 50,26,548 


2880° 


0-SOOO 


Z8»38'52".4 


18;r = 56.54867 


3240° 
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The Square Roots of Certain Numbers between 0.0 and 11. 





.O 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 




0.000 


0.316 


0.447 


QMS 


0,632 


0.707 


0.775 


0.837 


0.894 


0.949 




1.000 


l.(M9 


1.09.S 


1.140 


1,183 


1.225 


1.265 


hZM 


l.,142 


1,37H 




1.414 


1,449 


1.483 


l.,S17 


L.W 


1.581 


1.612 


1.643 


1.673 


1,703 




1.7.12 


1.761 


1.789 


1.817 


1.844 


1.871 


1.897 


1.924 


1.949 


1.975 




Z.000 


?,.o?,'; 


2.049 


2.074 


2.098 


2.121 


2.14S 


2.163 


2.191 


2.214 




2.Z16 


2.258 


Z.280 


?,„302 


2.124 


2.m 


2.366 


2-387 


2.408 


2,429 




2.449 


Z.-170 


2.490 


2.510 


2.S30 


2.550 


2.569 


2.588 


2.608 


2.627 




2.646 


2.6fi.^ 


2.68.1 


2.702 


2.720 


2,7.39 


2.757 


2.775 


2.793 


2,811 


8 


2.S28 


2.S46 


2,864 


2.881 


2.898 


2,915 


2.933 


2.9.'i0 


2,966 


2,983 


» 


3.000 


,1.017 


3.0,1.1 


,1,0,SO 


,1,066 


3,082 


3.098 


3.114 


3.130 


3.146 


10 


3.162 


3.178 


3.194 


3.209 


3.225 


3.240 


3.2S6 


3,271 


3.286 


3,302 



The Square Roots of Whole Numbers between 10 and 100. 





0.0 


1.0 


3.0 


3.0 


4.0 


5.0 


CO 


7.0 


8.0 


9.0 


1 


3.162 


3,317 


3.464 


3.606 


3.742 


3.873 


4-000 


4.123 


4.243 


4..1.59 


2 


4.472 


4,583 


4.690 


4.796 


4.899 


5.000 


5.099 


5.196 


5.292 


5.385 


3 


.5.477 


5„56S 


5,6,57 


5.745 


5,aii 


5.916 


6,000 


6.083 


6.164 


6.245 


4 


6.325 


6,403 


6.481 


6.S57 


6.633 


6.708 


6.782 


6.856 


6.928 


7.000 


5 


7,071 


7,141 


7.211 


7.280 


7.,148 


7.416 


7.183 


7 5,50 


7.616 


7.681 


6 


7.746 


7,810 


7.R74 


7.937 


fi,ono 


8.062 


8.124 


8.1 85 


8.246 


8.107 


7 


8.367 


S.426 


S.4S5 


8.544 


8,602 


8,660 


8.718 


8,775 


8.832 


8.888 


8 


8.944 


9.000 


9.055 


9.110 


9,16.5 


9.220 


9.274 


9.327 


9.381 


9.434 


9 


9.487 


9.S39 


9.59: 


9.644 


9.695 


9.747 


9.798 


9.849 


9.900 


9.950 
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The Common Logarithms of e' and e-^. 



- 


logioe» 


logxoe- 


0.00001 


0.0000043429 


T.99999S6S71 


0.00002 


0.00000868S9 


1.9999913141 


0.00003 


0.0000130288 


1,9999869712 


0-00004 


0.0000173718 


1,9999826282 


0.00005 


0.0000217147 


1,9999782853 


0-00006 


O.O0O026OS77 


1,9999739423 


0.00007 


00000304006 


1,9999695994 


0.00008 


0.0000347436 


1,9999652564 


0.00009 


O0000390S6S 


1.9999609135 


0.00010 


0.0000434294 


1,9999565706 


0.00020 


0.0000868S89 


1,9999131411 


0.00030 


0.0001302883 


1.9998697117 


O.OOCM0 


0.0001737178 


1,9998262822 


O.OO05O 


0.0002171+72 


1,9997828528 


0.00060 


00002605767 


1,9997394233 


0.00070 


0.0003040061 


1,9996959939 


0.00080 


0.0003474356 


1,9996525644 


0.00090 


0.0003908650 


1,9996091350 


0.00100 


0.0004342945 


1,9995657055 


0.00200 


0.0008685890 


,9991314110 


0.00300 


0.0013028834 


,9986971166 


O.0(M0O 


0.0017371779 


,9982628221 


O.OOS0O ■ 


0.0021714724 


,9978285276 


000600 


0.0026057669 


,9973942331 


000700 


0,003CM00614 


,9969599386 


0.00800 


0.0034743559 


,9965256441 


000900 


0.0039086503 


,9960913497 


OOIOOO 


00043429448 


,9956570552 


0,02000 


0.0086858896 


,9913141104 


0.03000 


00130288345 


1.9869711655 


0.04000 


0.0173717793 


1,9826282207 


0.05000 


0,0217147241 


1,9782852759 


0.06000 


0.0260576689 


1,9739423311 


0.07000 


0.0304006137 


1,9695993863 



D.,.,„cb,Googlc 



- 


logme' 


logioe-* 


0.08000 


0.0347435586 


1,9652564414 


0.09000 


0.0390865034 


1,9609134966 


0.10000 


0.0434294482 


1,9565705518 


0.20000 


0.0868588964 


1,9131411036 


0.30000 


0.1302883446 


1,8697116554 


0.40000 


0.1737177928 


,8262822072 


0.50000 


0.2171472410 


,7328527590 


0.60000 


0.2605766891 


.7394233109 


0,70000 


0,3040061373 


1,6959938627 


0.80000 


0,3474355855 


1,6525644145 


0.90000 


0,3903650337 


1,6091349663 


1.00000 


0.43K944319 


1,5657055181 


2.00000 


0,8685889638 


1.1314110362 


3.00000 


IJ028S34457 


2.6971165543 


4.00000 


1.7371779276 


2.2628220724 


5.00000 


2.1714724095 


3.8285275905 


6.00000 


2.6057668914 


3.39+2331086 


7.00000 


3.0400613733 


4.9599386267 


8.00000 


3.4743558552 


4.5256441448 


9,00000 


3-9086503371 


4.0913496629 


10.00000 


4.3429448190 


S.6570SS1810 


20.00000 


8.6858896381 


9.3141103619 


30.00000 


13.0288344571 


14.9711655429 


40.00000 


17.3717792761 


18.6282207239 


50.00000 


21-7147240952 


22,2852759048 


60.00000 


26.0576689142 


27,9423310858 


70.00000, 


30.4006137332 


31,5993862668 


80.00000 


34.7435585523 


35,2564414477 


90.00000 


39.0865033713 


40,9134966237 


100.00000 


43.4294481903 


44,5705518097 


200.00000 


86.8533963807 


87,1411036193 


300,00000 


130.2883445710 


131,7116554290 


400.00000 


17,3.7177927613 


174,2822072387 


500.00000 


217-1472409516 


218,8527590184 



Note: log 6'+'' = logs' + log ( 
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The Values of e 



" for Cert^n Values of x. 



" 


log,oe-> 


e-' 


" 


loe.oe-- 


■- 


I 


logioe-* 


^ 


1/10 


9.9S6571 


0.90484 


9/5 


9.218270 


0,16530 


25/4 


7.28S659 


OX)0193 


1/8 


9.945713 


0.88250 


2 


9.131411 


0.13533 


32/5 


7.220515 


000167 


1/6 


9.927618 


0.84648 


9/4 


9.022837 


0,10540 


7 


6,959939 


0.00091 


1/5 


9.913141 


0.81873 


5/2 


8.914264 


0,08209 


36/5 


6,873080 


0,00075 


1/4 


9.891426 


0.77880 


8/3 


8.841881 


0,06948 


8 


6,525644 


0.00034 


1/3 


9.8SS23S 


0.71653 


3 


8.697117 


0,04979 


81/10 


6,482215 


000030 


Z/5 


9.826282 


0.67032 


25/8 


8A42830 


0.04394 


49/6 


6.4S3252 


0,00023 


1/2 


9.78Z8S3 


0.606S3 


16/5 


8,610258 


0.04076 


25/3 


6,380879 


0,00024 


2/3 


9.710470 


0.51342 


18/5 


8.436540 


0.02732 


9 


6,091350 


0,00012 


4/5 


9.6S2S64 


0.44933 


4 


8,262322 


0,01832 


49/5 


5 743914 


0,00006 


9/10 


9.609135 


0.40657 


25/6 


8,190439 


0.01550 


10 


5.657055 


0,00004 


1 


9.565706 


0.36788 


9/2 


8.045675 


0,01111 


32/3 


SJ67526 


0,00002 


9/8 


9.511419 


0J2465 


49/10 


7.871957 


0,00745 


11 


S.222761 


0.00002 


4/3 


9.420941 


0.26360 


5 


7.828528 


0.00674 


12 


4.788467 


0.00001 


3/2 


9.348558 


0.22313 


6 


7.394233 


0002+8 


13 


4.354173 


0.00000 


8/5 


9305129 


0.20190 


49/8 


7.339946 


0.00218 


14 


3.919877 


0.00000 



These quantities with the numbers in (he preceding table are useful [q com- 
pudug the values of series of the form 
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SlB-lfc 


A' 


E 


Aar^k 


K 


E 


-^ 


K 


E 


0" 


1.5708 


1.5708 


30° 


1.6858 


1.4675 


60° 


2,1565 


1.2111 


1' 


1.5709 


1.5707 


31° 


1.6941 


1.4608 


61° 


2,1842 


1.2015 


2" 


1.5713 


1,5703 


32° 


1.7028 


1.4539 


62° 


2.2132 


1.1920 


3» 


1.S7I9 


1.5697 


33° 


1.7119 


1.4469 


63° 


2.2435 


1.1826 


4° 


1.5727 


1.5689 


34° 


1,7214 


1.4397 


64° 


2,2754 


1.1732 


5» 


1.5738 


1.5678 


35° 


1,7312 


1.4223 


65° 


2.3083 


1.1638 


6" 


1.5751 


1,5665 


36° 


1,7415 


1.4243 


66° 


23439 


1.1545 


70 


1.5767 


1J649 


37° 


1.7522 


L4171 


67° 


23809 


1,1453 




1.5785 


U632 


38° 


1.7633 


1.4092 


68° 


2.4198 


1.1362 


9° 


1.5805 


1..5611 


39° 


1.7748 


1.4013 


69° 


2,4610 


1.1272 


10° 


1.5828 


1.5589 


40° 


1.7868 


1J931 


70° 


2.5046 


1.1184 


11" 


1.5854 


1.5564 


41° 


1,7992 


1.3849 


71° 


2.5507 


1.1096 


12° 


1.58S2 


1,5537 


42° 


1.8122 


13765 


72° 


2.5998 


1.1011 


13° 


1.5913 


1,5507 


43° 


1,8256 


1,3680 


73° 


2.6521 


1.0927 


14° 


1.5946 


1.5476 


44° 


I,839S 


1,3594 


74° 


2.7081 


1.0844 


15= 


1.5981 


1.5442 


45° 


1-8.541 


1,3.';06 


75° 


2.7681 


1.0764 


16° 


1,6020 


1J405 


46° 


1.8691 


13+18 


76° 


25327 


1.0686 


17° 


1.6061 


1.5367 


47° 


1.8848 


1,3329 


77° 


2.9026 


1.0611 


18° 


1.6105 


l.,5326 


48° 


1.9011 


1.3233 


78° 


2.9786 


1.0538 


19° 


1.6151 


1.5283 


49° 


1.9180 


13147 


79° 


3-0617 


1.0468 


20° 


1.6200 


1.5238 


50° 


1,9356 


1,3055 


80° 


3,1534 


1.0401 


21° 


1.6252 


1.5191 


51° 


1,9539 


1.2963 


81° 


3,2s ,W 


1.0338 


22° 


1.6307 


1.5H1 


52° 


1,9729 


1.2870 


82° 


33699 


1.0278 


23° 


1.6365 


1.5090 


53° 


1,9927 


1.2776 


83° 


3.5004 


1,0223 


24° 


1.6426 


1.5037 


54° 


2.0133 


1.2681 


84° 


3.6S19 


1.0172 


25" 


1.6490 


1,4981 


55° 


2.0347 


1,2587 


85° 


3.8317 


1.0127 


26° 


1.6557 


1.4924 


56° 


2.0571 


1,2492 




4,0528 


1.0086 


Z7° 


1.6627 


1.4864 


57° 


2.0804 


1,2397 


87° 


43387 


1.0053 


2S° 


1.6701 


1.4803 


58° 


2.1047 


1.2301 




4,7427 


1.0026 


29° 


1.6777 


1.4740 


59° 


2.1300 


1,2206 


89° 


5,4349 


1.0008 
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Values of F(k, ■Pi for Certain Valu 

X Vl _ k>- Bill! 



« 


rt- = sm-'ir. 






















0° 


10° 


15° 


30^ 


45° 


60° 


75° 


S0° 


90° 


p 


0.0174 


00174 


0.0171 


0.0174 


0,0174 


0,0174 


0.017+ 


0.017+ 


0-0174 


2° 


0.0349 


0.0349 


0.0349 


0,0349 


0,0349 


0,0349 


0.0349 


0,0349 


0-0349 


3° 


0,0524 


0-0524 


0.0524 


0.0524 


0,0524 


0,0524 


0,0524 


0.0524 


0,0524 


4» 


0.0698 


0,0698 


0.069S 


0,0698 


0,0698 


0,0699 


O0699 


O0699 


0,0699 


5° 


0.0873 


O0873 


0-0873 


0.0873 


0,0873 


0,0874 


0,0874 


0,0874 


0.0874 


10" 


0.1745 


0.1746 


0-1746 


0,1748 


0,1750 


0,1752 


0.1754 


0,1754 


0.1754 


IS" 


0.261S 


0.2619 


0.2620 


0.2625 


0,2633 


0.2641 


0.2646 


0,2647 


0.26+8 


20° 


0.3491 


0.3493 


0.3495 


0.3508 


0.3526 


0.3545 


0.3559 


03562 


0.356+ 


25° 


0.4363 


0-4367 


0.4372 


0,4397 


0,4433 


044 70 


0.+498 


0.4504 


0.4569 


3(P 


05236 


0,52+3 


0.5251 


0.5294 


0.5356 


0.5422 


0.S474 


0.5484 


0.5493 


35' 


0.6109 


0.6119 


0,6132 


0-6200 


0,6300 


0.6408 


0,6495 


0,6513 


0.6523 


40° 


0,6981 


0.6997 


0,7016 


0-7116 


0,7267 


0.7436 


0,7574 


0,7604 


0.7629 


45= 


07854 


0.7876 


0-7902 


0-8044 


0,8260 


0.8512 


0.3727 


0,8774 


0,881+ 


50° 


08727 


0.8756 


0.8792 


0,8982 


0,9283 


0.96+6 


0.9971 


1.0044 


1.0107 


55° 


0.9599 


0-9637 


0-9683 


0,9933 


1,0337 


1.0848 


1.1331 


1.1444 


1'1S42 


60° 


1.0472 


1.0519 


1,0577 


1,0396 


1-1424 


1.2125 


1.2337 


1,3014 


1,3170 


65° 


1,1345 


1.1402 


1.1474 


1.1869 


1-2545 


1.3+89 


1.4532 


1,4810 


1,5064 


70° 


1,2217 


1.22S6 


1.2373 


1,2853 


1.3697 


1.4944 


1.646S 


1.6918 


1.7354 


75° 


1,3090 


1.3171 


1.3273 


1,3846 


1-4879 


1.6492 


1.8714 


1.9168 


2.0276 


80° 


1,3963 


1.4a56 


1.4175 


1,4846 


1,6085 


1.8125 


2.1339 


2.2653 


2.4362 


85° 


1,4835 


1.4942 


1.5078 


1,5850 


1,7308 


1.9326 


2.4366 


2.6694 


3.1313 


86° 


1.5010 


1.5120 


1.5259 


1,6052 


1,75.54 


2,0172 


2.5013 


2.7612 


3.35+7 


87° 


1.5184 


1.5297 


1.5439 


1,6253 


1,7801 


2,0519 


2.5670 


2,8561 


3.6425 


88° 


l.,';359 


1.5474 


1.5620 


1,6454 


1,8047 


2,0867 


2.6336 


2.9537 


4.0481 


89° 


1,5533 


1.5651 


1,5S01 


1.6656 


1,8294 


2.1216 


2,7007 


3,0530 


+.741+ 


90° 


1,5708 


1.5828 


1,5981 


1-6858 


1,8541 


2,1565 


2.7681 


3,1534 


Inf. 
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Values of E{k, 0) for Certain Values of it and ^. 



* 


a = wn-U. 






















0" 


10" 


IS" 


30- 


45 


60" 


75" 


80" 


90=- 


p 


0,017+ 


0.0174 


0.0174 


0.0174 


0.0174 


0X)174 


0.017+ 


0-0174 


0.0174 


2" 


0.0349 


0-0349 


0-0349 


0.0349 


0.0349 


00349 


0.0349 


0.0349 


O0349 


3° 


0.0524 


0.0524 


0,0524 


0.0524 


0,0524 


0.0523 


0.0523 


0.0523 


0.0523 


4" 


0.0698 


0.0698 


0-0698 


0.0698 


0.0698 


0.0698 


0.0698 


0-0698 


0.0698 


5" 


0.0873 


0.0873 


0.0873 


0.0872 


0.0872 


00872 


0.0872 


0-0872 


0.0872 


10° 


0.1745 


01745 


0.174S 


01743 


01741 


0.1739 


01737 


01737 


01736 


15" 


0,2618 


02617 


0.2616 


02611 


0.2603 


02596 


O2590 


02589 


02588 


20' 


0.3491 


0.3489 


0.3486 


03473 


0.34S6 


0,3438 


0,3425 


03422 


0.3420 


25' 


0.4363 


0.4359 


04354 


04330 


0.4296 


0,4261 


04236 


0.4230 


0.4226 


ac 


0.5236 


0.S229 


0,5221 


OS179 


05120 


0.5061 


0.5016 


05007 


05000 


35" 


0.6109 


0.6098 


0.6085 


0.6019 


05928 


0.5833 


0.5762 


0.5748 


0.5736 


W 


0.6981 


0.6966 


0.6947 


0.6851 


06715 


0.6575 


0.6468 


0.6+46 


0.6428 


45" 


0.7854 


0.7832 


0.7806 


07672 


07482 


0.7282 


0.7129 


O7097 


07071 


SO" 


0.8727 


08698 


08663 


08483 


08226 


0.7954 


07741 


07697 


07660 


55" 


0.9599 


09562 


0.9S17 


0.9284 


08949 


0.8588 


O8302 


08242 


0.8192 


60" 


1.0472 


1.0426 


1.0368 


1,0076 


0.9650 


0.9184 


O8808 


08728 


03660 


65" 


1.1345 


1.1288 


1.1218 


1.0858 


1.0329 


0.97+3 


09258 


0.9152 


0.9063 


70" 


1.2217 


1.2149 


1.2065 


1.1632 


1.0990 


1.0266 


09652 


0.951+ 


0.9397 


75" 


1.3090 


1.3010 


1.2911 


1.2399 


1,1635 


1.0759 


0.9992 


0.981+ 


0,9659 


80" 


1.3963 


1.3870 


U75S 


1.3161 


1.2266 


1.1225 


1.0282 


1.005+ 


0.9348 


85" 


1.4835 


1.4729 


1.4598 


1.3919 


1.2889 


1.1673 


1.0534 


1.024+ 


0.9962 


86" 


1.5010 


1.4901 


1.4767 


1.4070 


1.3012 


1.1761 


1.0581 


1.0277 


0.9976 


87" 


1.5184 


1.5073 


1.4936 


1.4221 


1.3136 


1,18+3 


1.0628 


1.0309 


0.9986 


88" 


1.53S9 


1.5245 


1.5104 


1.4372 


1.3260 


1.1936 


1.0674 


1.0340 


0.9994 


89" 


1.5533 


1.5417 


1.5273 


1.4524 


1.3383 


1.2023 


1,0719 


1.0371 


09993 


W 


1.5708 


1.SS89 


1.5442 


1,4675 


1,3506 


1.2111 


1,076+ 


1.0+01 


1.0000 
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TABLES. 
Hyperbolic Functiont. 



; . 


e' 


e-' 


sinha: 


COflh^ 


gdi 


0.00 


1.0000 


1.0000 


0.0000 


1.0000 


0?0O0O 


.01 


1.0100 


0.9900 


.0100 


1.0000 


0.5729 


.02 


1.0202 


.9802 


.0200 


1.0002 


1.1458 


.03 


1.0305 


.9704 


.0300 


1.0004 


1.7186 


.0+ 


1.0408 


.9608 


.0400 


1.0008 


2.2912 


.05 


1.0513 


.9512 


.0500 


1.0013 


2.86J6 


.06 


1.0618 


.9418 


.0600 


1.0018 


3.4357 


.07 


1.0725 


.9324 


.0701 


1.0025 


4.0074 




1.0833 


.9231 


.0801 


1.0032 


4.5788 


!09 


1.0942 


.9139 


.0901 


1.0041 


5.1497 


.10 


1.1052 


.9048 


.1002 


1.0050 


5.720 


.11 


1.1163 


.8958 


.1102 


1.0061 


6.290 


.12 


1.1275 


.8869 


.1203 


1.0072 


6.359 


.13 


1.1388 


.3781 


.1304 


1.0085 


7.428 


.H 


1.1503 


.8694 


.1405 


1.0098 


7.995 


.15 


1.1618 


.8607 


.1506 


1.0113 


8.562 


.16 


1.1735 


.8521 


.1607 


1.0128 


9-128 


.17 


1.1853 


.8437 


.1708 


1.0145 


9.694 


.18 


1.1972 


.8353 


.1810 


1.0162 


10.258 


.19 


1.2092 


.8270 


.1911 


1.0181 


10.821 


.20 


1.2214 


.3187 


.2013 


1.0201 


11.384 


.21 


1.2337 


.8106 


.2115 


1.0221 


11.945 


.22 


1.2461 


.8025 


.2218 


1.0243 


12.505 


.23 


1.2586 


.7945 


.2320 


1.0266 


13.063 


.24 


1.2712 


.7866 


.2423 


1.0289 


13.621 


.25 


1.2840 


.7788 


.2526 


1.0314 


14.177 


.26 


1.2969 


.7711 


.2629 


1.0340 


14.732 


.27 


1.3100 


.7634 


.2733 


1.0367 


15.285 


.28 


1.3231 


.7558 


.2837 


1.0395 


15.837 


.29 


1.3364 


.7483 


.2941 


1.0423 


16.388 


.30 


1.3499 


.7408 


.3045 


1.04,53 


16-937 


.31 


1.3634 


.7334 


.3150 


1.0484 


17.484 


.32 


1.3771 


.7261 


.3255 


1.0516 


18-030 


.33 


1.3910 


.7189 


.3360 


1.0549 


18-573 


.34 


1.4049 


.7118 


.3466 


1.0534 


19.116 


.35 


1.4191 


.7047 


.3572 


1.0619 


19.656 


.36 


1.4333 


-6977 


.3678 


1.0655 


20.195 


.37 


1.4477 


.6907 


.3785 


1.0692 


20.732 


.33 


1.4623 


.6839 


.3892 


1.0731 


21.267 


.39 


1.4770 


.6771 


.4000 


1.0770 


21.800 


.40 


1.4918 


.67M 


.4108 


1.0811 


22.331 


.41 


1.S068 


.6636 


.4216 


1.0852 


22.859 


.42 


1.5220 


.6570 


.4325 


1.0895 


23.386 


.43 


1.5373 


.6505 


.4434 


1.0939 


23.911 1 


.44 


1.5527 


.6440 


.4543 




24.434 


.45 


1.5683 


.6376 


.4653 


1.1030 


24.955 


.46 


l.,S841 


.6313 


.4764 


1.1077 


25.473 


.47 


1.6000 


.6250 


.4875 


1.1125 


25.989 


.48 


1.6161 


.6188 


.4986 


1.1174 


26.-503 


.49 


1.6323 


.6126 


.5098 


1.1225 


27.015 


0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27!524 
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TABLES. 
Hyperbolic Functions. 



- 


^ 


r. 


sinli X 


cosiix 


gdz 


0.S0 


1.6487 


0.6065 


0.5211 


1.1276 


27?524 


,51 


1.6653 


.6005 


.5324 


1.1329 


28.031 


.52 


1.6820 


.5945 


.5438 


1.1383 


28.535 


.53 


1.6989 


.5886 


.5552 


1,1438 


29.037 


.54 


1.7160 


.5827 


.5666 


1.1494 


29.537 


.55 


1.7333 


.5770 


.5782 


1.1551 


30.034 


.56 


1.7507 


.5712 


.58'J7 


1.1609 


30.529 


,57 


1.7683 


.5655 


.6014 


1.1669 


31.021 


.58 


1.7860 


.5599 


.6131 


1.1730 


31.511 


.59 


1.8040 


.5543 


.6248 


1.1792 


31.998 


,60 


1.8221 


.5488 


.6367 


1.1855 


32.483 


.61 


1,S4W 


.5433 


.6485 


1.1919 


32. %5 


.62 


1.8589 


.5379 


.6605 


1.1984 


33.444 


.63 


1.8776 


.5326 


.6725 


1.2051 


33.921 


.64 


1.8';65 


..5273 


,6846 


1.2119 


34.395 


.65 


1.91SS 


..5220 


.6967 


J.2J88 


34.867 


.66 


1.9348 


.5169 


.7090 


1,2258 


35.336 


.67 


1.9542 


.5117 


,7213 


1.2330 


35.802 


.68 


1.9739 


.5066 


.7336 


1.2402 


36.265 


.69 


1.9937 


.5016 


.7461 


1,2476 


36.726 


.70 


2.0138 


.4966 


.7586 


1.2552 


37.183 


.71 


2.0340 


.4916 


.7712 


1.2628 


37.638 


.72 


2.0544 


.4867 


.7838 


1.2706 


38.091 


.73 


2.0751 


,4819 


.7966 


1.2785 


38.540 


■ .74 


2.0959 


.4771 


.8094 


1.2865 


38.987 


.75 


2.1170 


.4724 


.8223 


1.2947 


39.431 


.76 


2.1383 


.4677 


.8353 


1.3030 


39.872 


.77 


2.1,598 


.4630 


.8484 


1.3114 


40.310 


.78 


2.1815 


.4584 


.8615 


1.3199 


40.746 


.79 


2.2034 


.4538 


.8748 


1.3286 


41.179 


,80 


2.2255 


.4493 


.8881 


1.3374 


41.608 


.81 


2.2479 


,4449 


.9015 


1.3464 


42.035 




2.2705 


,4404 


,9150 


1.3555 


42.460 


.83 


2.2933 


.4360 


.9286 


1.3647 


42.881 


.84 


2.3164 


.4317 


.9123 


1.3740 


43.299 


.85 


2.33% 


.4274 


,9561 


1.3835 


43.715 


.86 


2.3632 


.4232 


,9700 


1,3932 


44.128 


.87 


2,3869 


.4190 


.9840 


1.4029 


44.537 




Z.4109 


.4148 


.'J9S1 


1.4128 


44,944 


^89 


2.4351 


.4107 


1.0122 


1.4229 


45.348 


.90 


Z.4,S96 


.4066 


1.0265 


1.4331 


45.750 


.91 


2.4843 


.4025 


1.0409 


1.4434 


46,148 


.92 


2.5093 


.3985 


1.05,54 


1.4539 


46.544 


.93 


Z.,5345 


.3946 


1.0700 


1.4645 


46,936 


.94 


2.5600 


.3906 


1.0847 


1.4753 


47,326 


.95 


2.5357 


.3867 


1.0995 


1.4862 


47.713 


.96 


2.6117 


.3829 


1.1144 


1.4973 


48.097 


.97 


2. 6.^79 


.3791 


1.1294 


1.5085 


48.478 


.93 


2.6645 


.3753 


1.1446 


1.5199 


48.857 


.99 


2.6912 


.3716 


1,1.598 


I..5314 


49.232 


1,00 


2.7183 


0.3679 


1.17.52 


1,5431 


49^605 



TABLES. 
Hyperbolic Functions. 



- 


UiuUx 


icoslix 


' 


UinUx 


IcoHlia 


' 


2smh;c 


^coslia; 


J.OO 


0.0701 


0.18S4 


1.50 


0.32S2 


0.3715 


2.00 


0.5.595 


0.5754 


I.Ol 


.07.';s 


.1917 


1.51 


.3330 


.37,54 


2.01 


.5640 


.5796 


1.02 




.1950 


l..'!2 


.3378 


.3794 


2.02 


.5685 


.5833 


1.03 


!0S7i 


.1984 


1,53 


.3426 


.,3333 


2.03 


.5730 


.,5880 


1.04 


.0927 


.2018 


1.54 


.3474 


,3873 


2.04 


.5775 


.5922 


1.05 


0982 


2051 


1 S5 


3S21 


.3913 


2.05 


.5820 


.5964 


1.06 


1033 


2086 


1 % 


3Sf9 


.,3952 


2.06 


.5865 


.6006 


1.07 


1091 


2120 


1 57 


3616 


.3992 


2.07 


.,5910 


.6048 


1.08 


IMS 


2154 


1 S8 


3663 


.4032 


2.08 


.5955 


.6090 


1.09 


1 203 


2189 


1 59 


3711 


.4072 


2.09 


,6000 


.6132 


1.10 


1257 


2223 


1 60 


375S 


,4112 


2.10 


,6(M4 


.6175 


1.11 


1311 


2258 


161 


3805 


.41.52 


2.11 


.6089 


.6217 


1.12 


I36S 


2293 


1 62 


3S=;2 


,4192 


2.12 


,6134 


,6259 


1.13 


1419 


2323 


1 63 


3b'ty 


,4232 


2.13 


.6178 


.6301 


1.1+ 


1472 


2364 


164 


3946 


.4273 


2.14 


.6223 


.6343 


I.IS 


H2S 


2399 


J 6S 


3992 


,4313 


2.15 


.6268 


.6336 


1.16 


i';7S 


2435 


1 66 


4039 


,4353 


2.16 


.6312 


.6428 


1.17 


1631 


'470 


1 67 


4086 


.4,394 


2.17 


,6357 


.6470 


1.18 


lOM 


2506 




4132 


,4434 


2.18 


.6401 


.6512 


1.19 


1736 


2542 


169 


4179 


.4475 


2,19 


.6446 


.6555 


1.20 


1788 


257S 


1 70 


4225 


.4515 


2,20 


.6491 


.6597 


1.21 


1S40 


2615 


1 71 


4272 


.45,56 


2.21 


.6535 


.6640 


1,22 


1892 


2651 


1 72 


4318 


.4597 


2.22 


.6580 


.6632 


1.2J 


1944 


2f.S8 


1 73 


4364 


.4637 


2.23 


.6624 


.6724 


1.24 


1995 


2724 


174 


4411 


.4678 


2.24 


.6668 


.6767 


1.25 


2CM6 


2761 


1 75 


4457 


.4719 


2.25 


.6713 


.6809 


1.26 


2098 


2793 


1 76 


1503 


.4700 


2.26 


.6757 


.6352 


1.27 


2148 


2835 


1 77 


l';4J 


.4801 


2.27 


.6802 


.6394 


1.28 


2199 


2S72 


1 78 


4 595 


,4842 


2.23 


.6846 


.6937 


1.29 


2250 


2909 


1 79 


4641 


.4883 


2.29 


.6890 


.6'J79 


1.30 


2300 


2947 


130 


4687 


.4924 


2,30 


.6935 


.'7022 


1.31 


23=;i 


zm 


161 


4733 


,4%5 


2.31 


.6979 


.7064 


1.32 


2401 


3022 


1 82 


4778 


.5006 


2,32 


,7023 


.7107 


1.33 


24S1 


M5J 


133 


4824 


.5043 


2.33 


,7067 


.7150 


1.34 


.2501 


3097 


184 


4870 


,5089 


2.34 


.7112 


.7192 


1.35 


.2551 


3135 


1 35 


.4915 


.51,30 


2.35 


.71.56 


.7235 


].3f. 


.2600 


3173 


I8C 


.4%! 


.5172 


2.36 


.7200 


.7278 


1.37 


.2650 


3211 


1 7 


.5007 


..■;213 


2.37 


.7244 


.7320 


1.33 


.2699 


j24J 


1 88 


„5052 


.52,54 


2.38 


.7289 


.7363 


1.39 


.2748 


3288 


1 fa 


.,5093 


.5296 


2.38 


.7333 ' 


.7406 


1.40 


.2797 


3326 


1 JO 


.5143 


.5337 


2.40 


.7377 


.7443 


1.41 


.2846 


SSfi 


1 ;i 


.5183 


,5379 


2.41 


.7421 


.7491 


1.42 


.2895 


3403 


1 ; 


.,5234 


.,5421 


2.42 


,7465 


.7534 


1.43 


.2944 


3442 


1 )i 


.5279 


..5462 


2.43 


.7509 


.7577 


1,'14 


.2W3 


3481 


1 >4 


.5324 


.5.504 


2.44 


.7.5,53 


.7619 


1.45 


.3041 


3S'0 


19S 


.5370 


..5,545 


2.45 


.7597 


.7662 


1.46 


.3090 


3519 


196 


.5415 


.5687 


2.46 


.7642 


.7705 


1.47 


.3138 


35.»8 


1 97 


.5460 


.5629 


2.47 


.7686 


.7748 


1.48 


.3186 


3637 


1 8 


.,5505 


.5671 


2,48 


.7730 


.7791 


1.19 


.3234 


36 6 


199 


.55.50 


.5713 


2.49 


.7774 


.7333 


1.50 


0.3282 


0.3715 


j 2.00 


0,5595 


0.5754 


2.50 


0.7818 


0.7376 



TABLES. 
Hyperbolic Functions. 



" 


iainhx 


looehi. 


- 


lainhi 


i cosh a 


• 


iBinhii 


Icoshx 


2.50 


0.7Si8 


0.7876 


2.7S 


0.8915 


0.89S1 


3.0 


1.0008 


1.0029 


2. SI 


.7862 


.7919 


2,76 


.8959 


.8994 


3.! 


1.0444 


1.04C2 


2.52 


.790f. 


.7962 


2.77 


.9003 


.9037 


3.2 


1.0830 


1.0894 


2.53 


.79.50 


.8005 


2.78 


.9046 


.9080 


3.3 


1.1316 


1.1327 


2,5-1 


, .7W4 


.8048 


2.79 


.9090 


.9123 


3.4 


1.1751 


1.1761 


2.55 


.8038 


.8091 


280 


.9134 


.9166 


3.5 


1.2186 


1.2194 


2.. 56 


.8082 


.01 34 


2!81 


.9178 


.9209 


3.6 


1.2621 


1.2628 


2.57 


.SI 26 


.8176 


2.82 


.9221 


.9252 


3.7 


1.3056 


1.3061 


2., 58 


.8169 


.8219 


2.83 


.9265 


.9295 


3.8 


1.3491 


1.3495 


2.59 


.8213 


.8262 


2.S4 


.9309 


.9338 


3.9 


1.3925 


1.3929 


2.60 


.8257 


.8305 


2.S5 


.9353 


. .9382 


4.0 


1.4360 


1.4363 


2.61 


.8301 


.8348 


2.86 


.9396 


.9425 


4.1 


1.479S 


1.4797 


2.62 


.8345 


.8391 


2.87 


.9+40 


.9468 


4.2 


1.5229 


1.5231 


2.63 


.8389 


.8434 




.9484 


.9511 


4.3 


1..5664 


1.5665 


2.64 


.8433 


.8477 


2^89 


.9,527 


.95.54 


4.4 


1.0098 


1.6099 


2.65 


.8477 


.8520 


290 


.9571 


.9597 


4,5 


1.6532 


1.6533 


2.66 


.8521 


.&563 


2.91 


.9615 


.■,«141 


4,6 


i.d/m 


1.6968 


2.67 


.8564 


.8606 


2.92 


.%58 


.9684 


4,7 


1.7401 


1.7402 


2.6S 


.scm 


.8649 


2.93 


.9702 


.9727 


4.8 


1.7836 


1.7836 


2.6*^ 


.8652 


.8692 


2,94 


.9746 


.9770 


4.9 


1.3270 


1.8270 


2.70 


.8696 


.8735 


2.95 


.9789 


.9813 


S.O 


1.8704 


1.8705 


2.71 


.8740 


.8778 


2.96 


.9833 


.98,^6 


6.0 


2.3047 


2.3047 


2.72 


.8784 


.8821 


2.97 


.')817 


,9900 


7.0 


2.7390 


2.7390 


2.73 


.8827 


.88C4 


2.98 


.9920 


,9943 


8.0 


3.1733 


3.1733 


2.74 


.8871 


.8907 


2.99 


.9964 


,9986 


9.0 


3.6076 


3.6076 


2.75 


0.391 5 


0.8951 


3.00 


1.0008 


1,0029 


10.0 


4.0419 


4.0419 



For values of x greater than 7.0, we may write, to five places of deci- 
mals at least, 

logio sinh X = logio cosh i = log 5 C = a (0.4312915) 4- 1.6089700. 
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The Common Logarithms of r(n) for Values of n between 1 and 2. 



» 




" 


1 


- 


1 


» 


S 




1 


1.01 


1.9975 


1.21 


1.9617 


1.41 


i.947S 


1.61 


1.9517 


1.81 


1.9704 


1.02 


1.9951 


1.Z2 


1.9605 


1.42 


1.9476 


1.62 


1.9523 


1,82 


1.9717 


1,03 


1.9928 


1.23 


1.9594 


1.43 


1.9475 


1.63 


1.9529 


1.83 


1.9730 


1.W 


1.9905 


1.24 


1.9583 


1,44 


1.9473 


1.64 


1.9536 


1.84 


i.9743 


1.05 


1.9883 


1.25 


T.9S73 


1.45 


1.9473 


1.65 


1.9543 


I.8S 


1.9757 


1.06 


1.9862 


1.26 


T.9564 


i.« 


1.9472 


1.66 


1.9550 


1.86 


1.9771 


1.07 


1.9841 


1.27 


T.9SS4 


1.47 


1.9473 


1.67 


T.9558 


1.87 


i.9786 


1.08 


1,9821 


1.28 


T.9546 


I.4S 


r.9473 


1.63 


1.9566 


1.88 


1.9800 


1.09 


1.9802 


1.29 


I.9S38 


1,49 


1.9474 


1.69 


1.9575, 


1.89 


I.981S 


1.10 


1.9783 


1.30 


1.9530 


uo 


1.9475 


1.70 


1.9584 


1.90 


1.9831 


1.11 


1,9765 


1.31 


1.9523 


1.51 


i.9477 


1.71 


1.9593 


1.91 


i.9846 


1.12 


1,9748 


1,32 


T-9516 


1.52 


1.9479 


1.72 


1,9603 


1,92 


1.9862 


1.13 


T.9731 


133 


1.9510 


1.53 


1.9482 


1.73 


1.9613 


1.93 


1.9878 


1.14 


T.9715 


1.34 


1.9505 


1.54 


1.9485 


1-74 


1.9623 


1,94 


1.9895 


1.15 


1.9699 


1.33 


1.9500 


1.55 


1.9488 


1.75 


r.9633 


1,95 


1,9912 


1.16 


1.9684 


1,36 


15495 


1.56 


1.9492 


1.76 


1,9644 


1.96 


1.9929 


1.17 


r.96&9 


137 


i.9+91 


1.S7 


r.9496 


1.77 


1.9656 


1,97 


1.9946 


1.18 


r.96SS 


1.38 


r.9487 


1.58 


i.9501 


1.7S 


1.9667 


1.98 


1.9964 


1.19 


1.9642 


1.39 


1.9483 


1.59 


1.9506 


1.79 


1.9679 


1,99 


1.9982 


1.20 


1.9629 


1.40 


r,948t 


1.60 


i.95U 


1,80 


r.9691 


2.00 


0.0000 



D.,.„cb,Google 



NATURAL TRIGONOMETRIC FUNCTIONS. 



Angle. 


Bin. 


Cm. 


T.r,. 


du- 


Sdc. 


CiM. 




0' 


0.000 


tn 


0.000 


os 


1.000 


1.000 


90" 




0.017 


57-30 


0.017 


57.29 


1,000 


1.000 




2 


0.035 


28.65 


0.03S 


28.64 


1.001 


0.999 


88 


3 


0.052 


19.11 


0.052 


19.03 


1.001 


0.999 


87 


4 


0.070 


14.3f 


0.070 


14.30 


1.002 


0.998 


86 


6° 


0.037 


11.47 


0,037 


11.43 


1.004 


0,996 


SS" 




0.10S 


9.567 


0.105 


9.514 


1.006 


0,995 




7 


0.1Z2 


8.206 


0.123 


8-144 


1.003 


0-993 


83 


8 


0.139 


7.185 


0,141 


7.115 


1.010 


0.990 


82 


9 


0.156 


6.392 


0,158 


6.314 


1.012 


0,988 


81 


lO" 




S.7,W 


0.176 


5,671 


1.015 


0.935 


80= 


11 


0,191 


5.241 


0,194 


5.145 


1.019 


0.982 


79 


12 


0.208 


4.810 


0,213 


4.705 


1.022 


0.978 


78 


13 


0.225 


4.445 


0,231 


4.331 


1.026 


0,974 


77 


14 


0.242 


4,134 


0.249 


4-011 
3,732 


1.031 


0,970 
0,966 


76 


15° 


0?S9 


3.t(64 


0,268 


1.035 


75° 


Ifi 


0.276 


3,623 


0,237 


3.487 


1.040 


0,961 


74 


17 


0,292 


3,420 


0306 


3.271 


1.046 


0,956 


73 


18 


0,309 


3.236 


0,325 


3-078 


1,051 


0.951 






0.326 


3,072 


0,344 


2.904 


1,058 


0.946 


71 










2,747 




0,940 


70° 


21 


0.358 


2,790 


0,384 


2,605 


1,071 


0,934 




22 


0.37S 


2.669 


0.4O4 




1,079 


0,927 




23 




2,559 


0.424 


2.356 


1,086 






24 


0.407 


2,459 


0.445 


2,246 


1.095 


0,914 


66 




0.t23 


2,366 


466 






0.906 




26 


0,438 


2.2S1 


04SS 


2.050 


1.113 


0.899 




27 


0.4S4 


2,203 


0,510 


1.963 


1.122 








0.469 


2,B0 


0,532 


1,381 


1.133 


0,883 




29 


0.483 


2.063 


0.554 


1-804 


1.143 


0,87S 


61 




0.500 


2,000 


0,577 




1,155 


0.866 


60^ 


31 


0.5 IS 


1.9*2 


0601 


1.664 


1.167 






33 


0„S30 


1.887 


0.625 


1.600 


1.179 


0.848 


68 


33 


0..'!45 


1.836 


0649 


1.540 


1.192 


0.839 






0.559 


1.788 


0,675 




1,206 


0.829 


66 


35' 


0.574 


1.743 




1.428 


-221 




55» 


36 


0.588 


1.701 


0,727 


1,376 


.236 


0.809 


54 


37 


0.602 


1.662 


0,754 


1.327 


-252' 


0.799 


53 




0.616 


1.624 


0,781 




1-269 


0.788 


52 


39 


0.629 


1.589 


0,810 




1,287 


0.777 


61 


40= 


0.643 


1-556. 


0.839 


1,192 


1.30S 


0.766 


60' 


41 


0.656 


1.524 


0.869 


1.1.S0 


l.,32S 


0.7SS 


49 


42 


0.669 




0.900 


1.111 


1.346 


0.743 


48 


43 


0.682 


1.466 


0,933 


1.072 


1-367 






44 


069S 


1.440 


0,966 


1.036 


1.390 


0,719 


46 


46" 


0.707 


1,414 


1.000 


1.000 


1.414 


0.707 


45" 




Cob. 


s«. 


Cln. 


Tun. 


Cic. 


Sin. 


Anirle. 
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TABLES. 
Logarithma 



0043 ooee 

1 0463 0493 
3 OBSS 0S84 
9 1173 1306 
I 11B3 1533 



0138 0170 

0^31 oeee 

0899 0934 
1339 1371 
16B3 1684 



1790 1818 
S063 3065 
3330 236S 
2B77 2601 

aeio aB33 



1847 1875 
3132 3148 
3380 340G 
3635 2648 



3010 3033 3064 3076 
3232 3343 3283 33B4 
3434 3444 3464 34B3 
3617 3636 36B5 3674 
3803 3B20 3838 38B6 



3979 3997 4014 4031 
41B0 4166 4183 4200 
4314 4330 4346 4363 
4479 4487 4609 4518 
4634 4639 4664 4669 



4771 4786 4800 4814 4829 
4914 4938 4643 4966 4969 
5051 5085 5079 5063 5106 
5186 6198 6311 6334 5337 
6315 5328 5340 B3S3 5366 



5441 S153 5485 547B 6460 
5583 5576 5687 6599 6811 
6682 6694 5705 5717 5739 
6768 6806 6831 5832 5843 
5911 6923 6933 5944 5966 



6021 6031 6042 6053 6064 
6138 6138 61^9 6180 6170 
6233 6243 6363 6363 6374 
6336 6346 6356 6365 6375 
643S 6444 6464 6464 6474 



6633 6643 6661 6661 6671 
8638 6837 6646 6666 6865 
6731 6730 6739 6749 6768 



8960 8BB8 7007 7016 7024 

7076 7034 7063 7101 7110 

7160 7168 7177 7186 7163 

7343 7251 7359 7367 7375 

7334 7333 7340 7348 7366 



0313 0353 
0607 0646 
0966 1004 
1303 1335 
1614 1644 



0284 0334 0374 
0683 0716 0755 
1038 1072 1106 
1387 1399 1430 
1673 1703 1732 



1903 1931 
3175 3301 
3430 3465 
2S73 2666 
3B00 2933 



1666 1987 2014 
3337 3353 3370 
3480 3504 3528 
3718 3749 3765 
3945 3967 3989 



3139 



3160 3131 3301 
3365 3385 3404 
3660 3679 31 
3747 3766 3784 
3937 3945 30SS 



4096 4116 4133 
4266 4381 4398 
4435 4440 4456 
4579 4594 4600 
4738 4743 4707 



4843 4857 4871 4886 4900 
4983 4697 6011 6034 5038 
6119 5133 5146 6169 6172 
6350 6263 5276 5289 6303 
5378 5391 5403 6416 5428 



6603 6614 6637 6639 5551 

6633 6636 6647 6658 6670 

5740 6752 5703 5775 6780 

5865 5866 6877 6838 6B99 

6966 5977 5988 5999 6011 



6075 8086 6096 6107 6117 
6180 6161 6201 6212 6333 
6334 6394 6304 6314 6335 
6386 6395 6406 6415 6435 
6484 6493 6503 6613 8623 



66B0 6590 8599 8609 6 

6675 6384 8693 6703 6 

8787 6773 6786 B764 8 

8367 6866 6875 6884 6 

6946 6966 6964 6873 6 



7033 7043 7060 7059 
7116 7136 7136 7143 
7303 7310 7218 7336 
7384 7393 7300 7308 
7384 7372 7380 7388 



12T 



N 





1 


2 


3 


1 5 


e 


7 


S 


9 


P P. 

1-2- 3- 4- 5 


55 


7404 


7412 


7419 


7427 


7436 


7443 


7461 


7469 


7466 


"7474 


1. 2. 2. 3. 4 


56 


7483 


7490 


7497 


7505 


7513 


7520 


7538 


7536 


7643 


7561 


12. 2 3-4 


57 


7559 


7568 


7574 7B83 


7589 


7697 


7604 


7613 


7619 


7627 




GS 


7634 


7642 


7649 


7657 


7664 


7672 


767S 


7686 


7694 


7701 




69 
60 


7709 


7716 


7733 


7731 


7738 


7745 


7752 


7760 


7767 


7774 


1. 1.2.S i 


7783 


7789 


7796 7803 


7810 


7818 


7825 


7832 


7839 


7846 


1. 1. 2. 3. 4 


ei 


7853 


7860 7868 


7875 


7883 


7889 


7896 7903 


7910 7917 




ea 


7924 


7931 


7938 


7945 


7952 


7359 


79S6 


7973 


7980 7987 


1 1-2.3.3 


63 


7993 


8000 


8007 


8014 


8021 


8038 


8035 


8041 


8048 


8055 




64 
65 


8063 


8069 


8075 


6083 


8089 


8096 


8102 


8109 


8116 


8133 


1.1.2.3.3 


8139 


8136 


8142 


8149 


6156 


3162 


6169 


8176 


8182 


8189 


1. 1 2 3-3 


63 


819B 


8202 


8209 


8215 


8223 


8228 


8235 


8241 


8248 


8254 


1.1.2.3-3 


67 


S3S1 


8267 


8274 


82B0 


8387 


8293 


8399 


8306 


8312 


8319 




68 


8325 


8331 


8338 


8344 


8351 


8357 


8363 


8370 


8376 


8382 


|. 1. 2- 3. 3 


69 
70 


8888 


8396 


8401 


8407 


8414 


6420 


6426 


6433 


8439 


6445 


M. 2. 3. 3 


84S1 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


1-1.2.2.3 


71 


8513 


8519 


8536 


8531 


8637 


8543 


6549 


8665 


8561 


8567 


1.1.2.2.3 


72 


8573 


8579 


8585 


8591 


8597 


8603 


6609 


8615 


8631 


8637 




73 


8633 


8639 


8645 


8651 


8657 


8663 


8669 


8675 


8681 


8686 


1. 1. 2. 2 3 


74 
T5 


8693 


8698 


8704 


8710 


8716 


8732 


8727 


8733 


8739 


8745 


M.2 2.3 


8751 


8756 


8762 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


1. 1. 2. 2. 3 


7B 


8808 


8814 


8820 


8625 


8631 


8837 


3843 


6846 


8854 


8869 


1-12 2 3 


77 


886S 


8871 


8876 


8882 


8887 


8893 


8699 


8901 


8910 


8915 




78 


8931 


8987 


8932 


8938 


6943 


8949 


8954 


B960 


8065 


8971 




79 
SO 


8976 


8982 


8987 


8993 


6998 


9004 


9009 


9015 


9020 9025 


11. 2.2. 3 


9031 


9036 


9042 


9017 


9053 


oo:8 


9063 


9069 


9074 9079 


1.1.2. 2.3 


81 


9085 


9090 9096 


9101 


0106 


9113 


9117 


9132 


9128 


9133 




82 


9138 


9143 


9149 


9154 


9159 


9165 


9170 


9175 


9180 


9136 


1.1-2. 2 3 


83 


9191 


9I9B 


6201 


9206 


0212 


9317 


9333 


9327 


9332 


9238 






9343 9243 


9253 


9258 


9263 


9369 


9374 9379 


9284 9289 


1.1-2.2.3 


9394 


9299 


9304 


9309 


0315 


9330 


9325 


9330 


9335 


9340 


M.a 2-3 


66 


9345 


9350 9355 


9360 


0365 


9370 


9375 


9380 


9385 


9390 




87 


9395 


9400 


9405 


9410 


9415 


9420 


9435 


9130 


9435 


9140 




88 


9446 


9450 


9455 


9460 


9465 


9489 


9474 9479 


9481 


9489 


0- 1. 1. 2. 2 


89 
00 


9494 


9499 


9504 


9509 


9513 


95IB 


9623 


9528 


9533 


9536 


0-1.1.2.2 


9542 


9547 


9552 


9557 


9562 


9506 


9571 


9576 


9581 


9686 


0.1-1-2.2 


91 


9590 


9595 


9600 


9605 


9609 


9614 


9619 


9634 


9638 


9633 


0. 1. 1. 2. 2 


93 


9638 


9B43 


9647 


8652 


9657 


9661 


9666 


8871 


9676 


9680 


0. 1- 1. 2. 2 


93 


9685 


9689 


0694 9699 


9703 


9708 


9713 


9717 


9722 


9727 


0. 1- I. 2. 2 


94 
05 


9731 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 


1.1.2 2 


9777 


9783 


9786 


9791 


9795 


9800 


9805 


9809 


9814 


9816 


0- I. 1.2- 2 


96 


9623 


9827 


9832 


9836 


9841 


9845 


9850 9864 


9859 


9863 


0. M.2.2 


87 


9866 


9872 


9877 


9881 


9836 




9894 


9399 


9903 


9908 




98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


1-1.2.2 


99 


9956 


9961 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 


1.1.2.2 
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TABLES. 
Loganthms. 



N 





1 


2 


3 


4 B 


8 


7 


8 


B 10 




100 


0000 


0004 OOOB 


0013 


0017 


0032 


0023 


OOSO 


0036 


0039 


0043 




101 


0043 


0048 


0063 


0056 


0060 


0035 


006B 


0073 


0077 


0082 


0086 




103 


OD88 


0090 


009B 


COSB 


0103 


0107 


0111 


0116 


0120 


0124 


0128 




103 


0138 


0133 


0137 


0141 


0145 


0149 


0154 


0168 


0162 


0169 


0170 




lOi 
105 


0170 


017B 


0179 


0183 


0187 


0191 


0196 


0199 


0204 


0208 


0312 




0213 


0216 


0320 


0234 


0228 


0333 


0337 


0341 


0245 


024B 


0253 




106 


02S3 


0257 


02G1 


0266 


0269 


0273 


0278 


0283 


0286 02B0 


02B4 




107 


0204 0298 


0302 


0306 


0310 


0314 


0318 


0322 


0326 0330 


0334 




108 


0334 


0338 


0342 


0346 


0350 


0354 0353 


0393 


0366 0370 


0374 




103 
110 


0374 


0378 


0383 


0388 


0300 


0394 


0398 


0403 


0406 


0410 


0414 




0114 0418 


0422 


0426 


0430 


0434 


0438 


04^1 


0446 


0449 


0453 




111 


0453 


0457 


0461 


0465 


0469 


0473 


0477 


0481 


0484 


0488 


0492 




112 


0493 


0496 


0500 


0504 


0508 


0512 


0516 


0519 


0523 


0627 


0531 




113 


0531 


053B 


0538 


0542 


0646 


0660 


0564 0558 


0561 


0665 


0569 




114 
115 


0569 


0573 


0577 


0580 


0584 


0588 


0592 


0596 


0599 


0603 


0607 




0607 


0611 


0615 


0618 


0632 


0626 


0630 


0633 0637 


0641 


0645- 




116 


0645 


0648 


0652 


0656 


0660 


0663 


0867 


0971 


0974 


0678 


0683 




117 


0683 


0686 


0689 


0693 


0697 


0700 0704 0708 


0711 


0715 


0710 




118 


0719 


0723 


0728 


0730 


0734 


0737 


0741 


0745 


0748 


0762 


0755 




119 
I'-JO 


0755 


0769 


0763 


0766 


0770 


0774 


0777 


0781 


0786 


0788 


0793 




0792 


0796 


07B9 


0803 


0806 


0810 


0813 


0817 


0821 


0834 


0838 




131 


0838 


0831 


0835 




0842 


0846 


0849 


0853 


0858 


0860 


0864 




122 


0364 


0867 


0871 


0874 


0878 


0881 


0885 


0888 


D8B2 


0866 


OflBB 




123 


0899 


OB03 


0906 


0910 


0913 


0917 


0920 


0924 


0B27 0031 


OB 34 




124 


0934 


0938 


0941 


0946 


0948 


0962 


0955 


0969 


0962 


0966 


0969 




0969 


0073 


0976 


0980 


0983 


0989 


0990 


0993 


0997 


1000 


1004 




136 


1004 


1007 


1011 


1014 


1017 


1021 


1024 


1038 


I03I 


1036 


1038 




137 


1038 


1041 


1045 


1048 


1053 


1055 


1059 


1062 


1065 


1069 


1072 




138 


1073 


1075 


1079 


1082 


1080 


1089 


1092 


10S6 


1099 


1103 


1106 




129 
130 


1109 


1109 


1113 


1110 


1119 


1123 


1136 


1129 


1133 


1138 


1139 




1139 


1143 


1146 


1149 


1153 


1166 


IIBD 


1163 


1169 


1169 


1173 




131 


1173 


1178 1179 


1183 


1186 




1193 


11«6 


1199 


1202 


13Q6 




132 


1308 


1209 


1212 


1216 


1319 


1322 


1235 


1239 


1232 


1235 


1339 




133 


1339 


1343 


1245 


1248 


1353 


1355 


1258 


1261 


1265 


1268 


1271 




134 
135 


1271 


1274 


1278 


1281 


1284 


1387 


13B0 


1 304 


1297 


1300 


1303 




1303 


1307 


1310 


1313 


1316 


1319 


1333 


1326 


1329 


1332 


1335 






1335 


1339 


1342 


1345 


1348 


1351 


1356 


1358 


1361 


1364 


1397 




137 


1367 


1370 


1374 


1377 


1380 


1383 


1386 


1389 


1392 


1396 


139B 




138 


13B9 


1402 


1405 


1408 


1411 


1414 


1418 


1421 


1424 


1427 


1430 




139 
140 


1430 


1433 


1436 


1440 


1443 


1446 


1449 


1453 


1465 


1458 


1461 




1461 


1464 


1467 


1471 


1474 


1477 


1480 


1483 


1486 


1489 


1493 




141 


1493 


14B5 


1498 


ICOl 


1504 


1608 


1511 


1514 


1517 


1630 


1523 




142 


1533 


1528 


1529 


16?2 


1635 


1538 


1541 


1544 


1647 


1560 


1553 




.143 


1553 


1556 


1559 


1682 


1665 


1669 


1B73 


1576 


1578 


1581 


1584 




14i 
143 


1584 


1587 


1690 


1693 


1596 


1599 


1603 


1605 


1608 


1611 


1614 




1614 


1617 


1620 


1623 


1629 


1629 


1632 


1636 


1638 


1641 


1644 




146 


1644 


1647 


1649 


1653 


1655 


1658 


1661 


1664 


1697 


1670 


1673 




147 


1673 


1678 


1679 


1883 


1685 


1888 


1991 


1694 


1697 


1700 


1703 




148 


1703 


1708 


1708 


1711 


1714 


1717 


1720 


1723 


1728 


1729 


1733 




149 


1733 


1735 


1738 


1741 


1744 


1746 


1749 


1762 


1755 


1758 


1761 
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TABLES. 
Tifyitr ithmB- 








1 


3 3 


4 6 


e 


7 


8 


e 10 


130 


1761 


1784 1787 1770 1773 


1776 


1778 


I78I 


1784 


1787 


1790 


ISl 


1790 1798 


1796 1788 


1801 


1804 


1807 


1810 


1818 


1818 


1818 


163 


1818 


1831 


1834 1837 


1830 


1833 


1836 


1338 


1811 


1814 


1847 


163 


1847 


1850 


1853 1855 


1868 


1861 


1384 1867 


1870 


1873 


1876 


154 


1875 


1878 


1881 1884 


1886 


1889 


1892 


1886 


1898 


IflOl 


1803 


1803 


1808 IBOO 1812 


1816 


1817 


1920 1933 


1936 


1928 


1931 


168 


1831 


1934 


1937 1840 


1942 


1946 


1848 


1961 


1963 


1956 


1969 


167 


19B8 


1963 


1865 1887 


1970 


1973 


1978 


1978 


1981 


1984 


1987 


1S8 


1987 


1989 


1983 1996 


1898 


aoOO 3003 


3006 


3008 


3011 


2014 


159 
160 


S014 3017 


3019 3033 


2035 


3033 


3030 3033 


3036 


3038 


3011 


3041 


3044 3047 2049 


2052 


2055 


3057 


2060 


3083 


3066 


2068 


181 


3058 


3071 


3071 2076 


3078 


2082 


3084 2087 


3080 3083 


2096 


183 


3096 


3098 


3101 3103 


3106 


2109 


3111 


2114 2117 


3119 


3123 


183 


3133 


3135 


3137 3130 


3133 


3136 


3138 


3140 


2143 


3146 


2118 


184 
165 


3148 


3151 


3164 3166 


2158 


3163 


3164 


3167 


2170 3172 


8176 


2175 


2177 


2180 2183 


3185 


3188 


3181 


3183 


3186 


3198 


3301 


ise 


3201 


2304 


2206 2308 


3213 


3314 


3317 


3318 


3323 


3326 


3337 


187 


2337 


3330 


3333 3335 


3338 


2310 


3343 


3346 


3343 


3261 


3363 


168 


33B3 


3368 


3358 2361 


2363 


2388 


3369 


3271 


3374 


3376 


337B 


lee 
170 


3378 


2281 


3384 3387 


3289 


3382 


3394 3387 


3309 


3303 


3304 


2301 


3307 


3310 3313 


3316 


3317 


3320 


2322 


3336 


2327 


3880 


171 


3330 


2333 


2335 3338 


3310 


3343 


3316 


3348 


3360 


3363 


3356 


173 


2355 


2358 


3360 3363 


3365 


3368 


2370 2373 2375 


3378 


2380 


173 


3380 


2383 


3386 3388 


3390 


2383 


2396 


3388 


2100 


2403 


3406 


174 
175 


3405 


2408 


3410 3413 


2116 


3118 


3430 


3433 


3136 


3438 


3430 


3430 


3433 


3435 3438 


2440 


3413 


3446 


3418 


2150 


2163 


3465 


178 


3455 


2458 


3460 3483 


3165 


3467 


3470 3473 


3175 


2477 


2480 


177 


3480 


3483 


3485 3487 


3490 


3482 


2494 


3487 


2499 


2502 


3604 


17B 


3504 


3607 


3609 2613 


3514 


3516 


2618 


3631 


3631 


2636 


3638 


179 
180 


35SS 


2631 


3633 3536 


3638 


2511 


3548 


3645 


3548 


3550 


2663 


2653 


3556 


3568 2560 


2562 


3B6B 


2B87 


3570 


3572 


267* 


3677 


181 


3577 


267B 


3582 3584 


3686 


3589 


3681 


3694 


3688 


2S88 


3601 


183 


2601 


2603 


3605 3608 


3610 


3613 


3616 


3617 


3620 


2622 


3625 


183 


262b 


2627 


2639 3633 


2634 


3636 


3638 


3641 


2813 


2846 


364S 


184 
1S3 


3648 


3651 


3663 3655 


2658 


3660 


3663 


3666 


2867 


2888 


3672 


3673 


2674 


3676 2679 


2681 


2683 


2686 


3888 


2690 3683 


2686 


188 


2696 


3697 


2700 3703 


2704 


3707 


3709 


3711 


3714 


3716 


3718 


187 


2718 


3731 


2733 3735 


3728 


3730 3733 


3735 


3737 


3739 


3743 


188 


3743 


3744 


2746 3748 


2751 


3753 


3755 


3768 


2780 2762 


3785 


189 
I90 


3765 


3767 


3788 3773 


2774 


2776 


2778 


3781 


2783 


2786 


3768 


3788 


3780 


2792 2794 


2797 


2799 


3801 


3801 


3806 


3808 


3810 


191 


3810 3813 


8815 3817 


3819 


2833 


3824 


2826 


3838 


2831 


3833 


193 


3833 


3835 


3838 3840 


2843 


2844 


3847 


284B 


2861 


2B63 


3856 


193 


3856 


3868 3860 3863 


3386 


3867 


3869 


3871 


2B74 3876 


2878 


1S4 
19S 


3378 


2880 3883 3886 


2387 


3889 


3881 


3894 


3886 


3898 


2900 


3900 3903 


3905 2907 


3809 


3811 


3914 


2916 


3918 


2920 


2933 


186 


3933 


3936 


3827 2939 


3931 


2934 


2936 


2938 


3910 


2943 


3B46 


197 


2946 


2947 


3949 3951 


3963 


3960 


2963 


2960 


2962 


3984 


3987 


198 


3967 


2889 


2971 3973 


3975 


3878 


3980 


3883 


3981 


2988 


3989 


189 


3989 


3991 


3983 3896 


3987 


2988 


3002 


3004 


3008 


3003 


3010 
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TABLES. 
Trlgonon)«tiic Functions. 



«...A«S 


.„..«, 


.«^ 


^,.^. 


T*M,.«T. 


COT*™™, 






0.0000 


o°oo- 


.(^ ^' 


iSoSioo.^ 


%0 "^^ 


N.t. Log, 


90° 00- 


1.5708 


0.0029 


10 


.0029 7.4637 


1.0000 .0000 


.0029 7.4637 


343.77 2.5363 


SO 


1.S679 


0.00S8 


20 


.0058 ,7648 


1.0000 .0000 


.0058 .7648 


171.89 .2352 


40 


1.5650 


0008? 


30 


.0087 .9408 


1,0000 .0000 


.0087 .9409 


114.59 .0591 


30 


1.5621 


0.0116 


40 


.0116 8.06S8 


.9999 .0000 


.0116 8.0658 


85.940 1.9342 


20 


1.SS92 


0,0HS 


SO 


.0145 ,1627 


.9999 .0000 


.0145 .1627 


68.750 .8373 


10 


1.5563 


0.0175 


roff 


.0175 8,2419 


.9998 99999 


.0175 8.2419 


57.290 1,7581 


89° 00- 


1.SS33 


00204 


10 


.0204 3088 


,9998 .9999 


.0204 ,3089 


49.104 .6911 


50 


1.5504 


0,0233 


20 


.0233 3668 


.9997 .9999 


,0233 .3669 


42.964 .6331 


40 


1.5475 


0.0262 


30 


.0262 .4179 


.9997 .9999 


.0262 .4181 


38,188 J819 


30 


1.5446 


0.0291 


40 


.0291 .4637 


.9996 .9998 


.0291 .4638 


34.368 ,5362 


20 


1.5417 


00320 


SO 


,0320 ,5050 


.9995 .9998 


.0320 .5053 


31.242 .4947 


10 


1.5388 


0.0349 


Z'OO' 


J)349 8,5428 


.9994 99997 


.0349 8.S431 


28636 1.4569 


88=00' 


1.5359 


0.0378 


10 


.0378 .5776 


.9993 ,9997 


.0378 .5779 


26.432 ,4221 


50 


1.5330 


0.0407 


20 


,0407 .6097 


,9992 .9996 


.0407 JilOl 


24.542 .3899 


40 


1.5301 


0.0t36 


30 


.(M36 ,6397 


.9990 .9996 


.0437 .6401 


22,904 .3599 


30 


1.5272 


0.0465 


40 


.0465 .6677 


.9989 .9995 


.0466 .6682 


21,470 3318 


20 


1.5243 


0.0495 


50 


,0494 .6940 


,9988 .9995 


.0495 .6945 


20.206 JOSS 


10 


1.5213 


0.0.524 


3° 00- 


.0523 8.7188 


.9986 9.9994 


.0524 8.7194 


19.081 1.2806 


870 00- 


1.5184 


0.0553 


10 


.0552 .7423 


.9985 .9993 


,0553 .7429 


18.075 .2571 


50 


1.S15S 


0.0582 


20 


,0581 ,7645 


.9983 .9993 


.0582 .7652 


17.169 .2348 


40 


1.5126 


0.0511 


30 


.0610 .7857 


,9981 ,9992 


,0612 .7865 


16350 .2135 


30 


1.S097 


0.06*0 


40 


,0640 .8059 


.9980 .9991 


,0641 ,8067 


15.605 .1933 


20 


1.5068 


0.0669 


50 


.0669 .8251 


,9978 .9990 


.0670 ,8261 


14,924 .1739 


10 


1.5039 


0.0698 


4''00- 


.0698 8.8436 


.9976 9,9989 


,0699 8.6446 


14.301 1.15S4 


86° 00- 


1.5010 


0.0727 


10 


.0727 ,8613 


.9974 .9989 


.0729 ,8624 


13.727 .1376 


50 


1.4981 


0.0756 


20 


.0756 .8783 


.9971 .9988 


.0758 .8795 


13.197 .1205 


40 


1.4952 


0.0785 


30 


.0785 .8946 


.9969 .9987 


.0787 .8960 


12.706 .1040 


30 


1,4923 


0.08H 


40 


.0814 .9104 


,9967 .9986 


.0816 .9118 


122S1 .0882 


20 


1.4893 


0.0844 


SO 


.0843 .9256 


,9964 .9985 


.0846 .9272 


11.826 .0728 


10 


1.4864 


00873 


5°00' 


.0872 8.9403 


.9962 9.9983 


.0875 8.9420 


11.430 1.0580 


85° OC 


1,4835 


00902 


10 


,0901 .9545 


,9959 .9982 


.0904 .9563 


11.059 .0437 


SO 


1,4806 


0,0931 


20 


.0929 .9682 


.9957 .9981 


.0934 .9701 


10.712 .0299 


40 


1.4777 


00960 


30 


.0958 .9816 


,9954 .9980 


.0963 .9836 


10.385 ,0164 


30 


1.4748 


O09S9 


40 


.0987 .9945 


,9951 .9979 


.0992 .9966 


10.078 ,0034 


20 


1.4719 


0.1018 


50 


.1016 9,0070 


.9948 ,9977 


.1022 90093 


9.7882 0.9907 


10 


1.4690 


01047 


6° 00- 


.1045 9,0192 


.9945 9.9976 


.1051 9.0216 


9.5144 0.9784 


84=00' 


1.4661 


0.1076 


10 


.1074 .0311 


,9942 .9975 


.1080 .0336 


9.2553 .9664 


50 


1.4632 


0,1105 


20 


.1103 .0426 


.9939 .9973 


.1110 .0453 


9,0098 .9547 


40 


1.4603 


01134 


30 


.1132 .0539 


,9936 .9972 


.1139 .0567 


a7769 .9433 


30 


1.4574 


0,1164 


40 


.1161 ,0648 


.9932 .9971 


.1169 .0678 


8.5S55 .9322 


20 


1.4S44 


0.1193 


SO 


-1190 .0755 


.9929 .9969 


.1198 .0786 


8.3450 .9214 


10 


1.4515 


01222 


7°00- 


.1219 9,08.';9 


.9925 99968 


.1228 9,0891 


8.1443 0,9109 


830 00' 


1.4486 


01251 


10 


.1248 .0961 


,9922 .9966 


,1257 .0995 


7.9530 .9005 


50 


1.44S7 


0.1280 


20 


.1276 .1060 


.9918 .9964 


.1287 .1096 


7.7704 ,8904 


40 


1.4428 


0.1309 


30 


.130S .1157 


.9914 .9963 


.1317 .1194 


7.5958 .8806 


30 


1.4399 


0.1338 


40 


.1334 .1252 


.9911 .9961 


.1346 ,1291 


7.4287 ,8709 


20 


1.4370 


0.1367 


SO 


.1363 .1345 


,9907 .9959 


.1376 .1385 


7.2687 .8615 


10 


1.4341 


01396 


8= 00- 


.1392 9.1436 


,9903 9.9958 


.1405 9.1478 


7.1154 0.8522 


82=00- 


1.4312 


01425 


10 


.1421 .1S2S 


,9899 .9956 


.1435 .1569 


6.9682 ,8431 


50 


1.4283 


0.1454 


20 


.1449 .1612 


.9894 ,9954 


.1465 .1658 


6.8269 ,8342 


40 


1.4254 


01484 


30 


.1478 .1697 


.9890 .9952 


.1495 ,1745 


6.6912 .8255 


30 


1.4224 


01513 


40 


.1507 .1781 


,9886 .9950 


.1524 .1831 


6.5606 .8169 


20 


1.4195 


0.1542 


50 


.1536 .1863 


,9881 .9948 


.1554 .1915 


6.4348 .8085 


10 


1.4166 


01571 


9° 00' 


.1564 9.1943 


,9877 9.9946 


,1584 9.1997 


6.3138 0.8003 


81" 00- 


1.4137 






N.t. Log. 


NU. Log. 


N«, Log. 


Nil. Log. 
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SIHES, 


™t.kc.nts. 


TANCiB™. 


°^"" 


'""""- 



TABLBa 
TrigonemMrie Functions. 



„„... 


o^.^ 


..™. 


c™,™. 


««™«. 


co..««... 






0,1571 


9° 00" 


.l"&i 9.1^3 


^77 9.^ 


.^584 9^ 


6.3138 0^03 


81" 00- 


1,4137 


0.1600 


10 


.1593 .2022 


.9872 .9944 


.1614 .2078 


6.1970 .7922 


50 


1.4108 


0.1629 


20 


.1622 .2100 


.9868 .9942 


.1644 ,21S8 


6.0844 .7842 


40 


1,4079 


0-1658 


30 


.1650 .2176 


.9863 .9940 


.1673 ,2236 


5.9758 .7764 


30 


1.40SO 


0.1637 


40 


.1679 .2251 


.9858 ,9938 


.1703 .2313 


S.8708 .7687 


20 


1.4021 


0.1716 


SO 


.1708 .2324 


.9853 ,9936 


.1733 ,2389 


S.7694 .7611 


10 


1.3992 


0.1745 


10° 00- 


.1736 9.2397 


.9848 9.9934 


.1763 9.2463 


5.6713 0.7S37 


80° 00- 


13963 


0.1774 


10 


.1765 .2468 


.9843 .9931 


.1793 .2536 


S.S764 .7464 


50 


1.3934 


0.1804 


20 


.1794 .2538 


.9838 .9929 


.1823 .2609 


5.4845 ,7391 


40 


1.3904 


0.1833 


30 


.1822 .2606 


.9833 .9927 


.1853 .2680 


5.3955 .7320 


30 


1.387S 


0.1862 


40 


.1851 .2674 


.9827 .9924 


.1883 .2750 


S.3093 .72S0 


20 


1.3846 


0.1891 


50 


.1880 .2740 


.9822 .9922 


.1914 .2819 


5.2257 .7131 


10 


1.3817 


0.1920 


11" 00- 


.1908 9.2806 


.9816 9.9919 


.19M 92887 


S.1446 0.7U3 


79° 00- 


1.3788 


0.1949 


10 


.1937 .2870 


.9811 .9917 


.1974 .2953 


5.06S8 .7047 


50 


1.3759 


0.1978 


20 


.1965 .2934 


,9805 .9914 


.2004 3020 


4,9894 .6980 


40 


13730 


0-2307 


30 


.1994 .2997 


.9799 ,9912 


.2035 3085 


4.9152 ,6915 


30 


1.3701 


0.2036 


40 


.2022 J0S8 


,9793 .9909 


.2065 .3149 


4.8430 ,6851 


20 


13672 


02065 


50 


.2051 .3119 


.9787 ,9907 


.2095 .3212 


4,7729 JS7S8 


10 


1.3643 


0.2094 


12=00- 


.2079 9.3179 


.9781 9.9904 


.2126 9.3275 


4.7046 0.6725 


78° 00- 


1.3614 


0.2123 


10 


.2108 .3238 


.9775 ,9901 


.2156 .3336 


4.6382 .6664 


50 


1.3584 


02153 


20 


.2136 .3296 


.9769 .9899 


.2186 .3397 


4.5736 ,6603 


40 


1.3555 


02182 


30 


.2164 .33S3 


.9763 ,9896 


.2217 .3458 


4.5107 ,6542 


30 


1,3526 


0.2211 


40 


.2193 .3410 


.9757 .9893 


.2247 .3517 


4.4494 M83 


20 


1.3497 


0.2240 


SO 


.2221 .3466 


.9750 ,9890 


.2278 .3576 


4.3897 .6424 


10 


1.3468 


0.2269 


ir'oo- 


.2250 9.3521 


.9744 9.9887 


.2309 9.3634 


4.3315 0'6366 


77° 00- 


1,3439 


0.2298 


10 


.2278 ,3575 


.9737 .9884 


.2339 3691 


4,2747 .6309 


50 


1.3410 


0.2327 


20 


.2306 3629 


,9730 .9881 


,2370 3748 


4.2193 .6252 


40 


1.3381 


0.23S6 


30 


.2334 3682 


.9724 .9878 


.2401 3804 


4.1653 .6196 


30 


1,3352 


0.2385 


40 


.2363 3734 


.9717 .9875 


.2432 3859 


4,1126 .6141 


20 


13323 


0.2414 


SO 


.2391 3786 


.9710 ,9872 


.2462 ,3914 


4.06U .6086 


JO 


1.3294 


0.2443 


woe 


.2419 9.3817 


.9703 9,9869 


.2493 9,3968 


4.0108 0.6ai2 


76° 00- 


1.3265 


0.2473 


10 


.2447 3887 


.9696 .9866 


.2524 .4021 


3.9617 .5979 


SO 


1323S 


0.2502 


20 


.2476 3937 


.9689 ,9863 


.2555 ,4074 


3.9136 .5926 


40 


1.3206 


02531 


30 


.2504 .3986 


.9681 .98S9 


.2S86 .4127 


3.8667 .5873 


30 


13177 


0.2S60 


40 


.2532 .4035 


.9674 .9856 


.2617 .4178 


3.8208 .5322 


20 


1.3148 


0.2589 


SO 


.2560 .4083 


.9667 .9853 


.2648 .4230 


3,7760 J770 


10 


13U9 


0.2618 


15'^ OC 


.2588 9.4130 


.9659 9.9849 


.2679 9.4281 


3,7321 0.5719 


75° 00- 


1.3090 


0-2647 


10 


.2616 .4177 


,96S2 .98t6 


.2711 .4331 


3.6891 .5669 


SO 


1.3061 


0-2676 


20 


.2644 .4223 


,9644 ,9843 


,2742 .4381 


3.6470 .5619 


40 


13032 


a270S 


30 


.2672 .4269 


.9636 .9819 


.2773 .4430 


3,6059 .SS70 


30 


1,3003 


0-2734 


40 


.2700 .4314 


,9628 .9836 


.2805 .4479 


3,5656 .5521 


20 


1.2974 


02763 


SO 


.2728 .43S9 


,9621 .9832 


.2836 .4527 


3,5261 .5473 


10 


1,2945 


02793 


16° 00- 


.2756 9.4403 


.9613 9.9828 


.2867 9.4575 


3,4874 0.S42S 


74° 00- 


1.2915 


0-2822 


10 


.2784 .4447 


.9605 .9825 


.2899 .4622 


3.4495 ,5378 


SO 




0.2851 


20 


.2812 .4491 


.9596 .9821 


.2931 .4669 


3.4124 .5331 


40 


L28S7 


0-2380 


30 


.2840 .4533 


.9588 .9817 


.2962 .4716 


3.37S9 .S284 


30 


1.2828 


02909 


40 


.2868 .4576 


.9580 ,9314 


.2994 .4762 


3.3402 .5238 


20 


1-2799 


0.2938 


50 


.2896 .4618 


.9572 .9810 


.3026 .4808 


3.30S2 .5192 


10 


1-2770 


02967 


17° 00- 


.2924 9.4659 


.9563 9.9806 


,3057 9.4853 


3.2709 0.S147 


73° OC 


1.2741 


0.2996 


10 


,2952 .4700 


,9S55 ,9802 


.3089 .4898 


3.2,371 .5102 


50 


1.2712 


0.3025 


20 


.2979 .4741 


.9546 .9798 


.3121 .4943 


3.2041 .5057 


40 


1.2683 


0.3054 


30 


.3007 .4781 


,9537 .9791 


.3153 .4987 


3.1716 .5013 


30 


1,26S4 


0.3083 


40 


303S .4821 


.9528 .9790 


.3185 .5031 


3.1397 .4969 


20 


1.Z625 


0.3113 


50 


.3062 .4861 


.9520 .9786 


.3217 .S07S 


3.1034 .4925 


10 


1,2595 


0.3142 


18° 00- 


.3090 9.4900 


.9511 9.9782 


3249 9,S1I8 


3.0777 0.4S82 


72° 00' 


1,2S66 






N«. L<«. 


N»l. Log, 


Nil. Log. 


Nil. Log, 










co...^ 


«,«BS. 


cot*™kts. 


T*™™. 


DBi;«,s. 


KtDIAMS. 



TABLES. 
Trigonometrlo Functions. 



UDUkHS. 


™o,«... 


«««. 


COBIHBS. 


T*™«T. 


CC^.^N^. 






0J142 


18° 00- 


Jm0 9.4^ 


.9511 9.^2 


.3249 9.51^8 


3,OT77 0.4^2 


72° 00- 


1,2566 


0.3171 


10 


.3118 .4939 


.9502 .9778 


.3281 .S161 


3.0+75 .4839 


50 


1.2537 


0.3200- 


20 


.3145 .4977 


.9492 .9774 


.3314 .5203 


3.0178 ,4797 


40 


1.2508 


0.3229 


30 


3173 .SOIS 


.9483 .9770 


.3346 .S24S 


2,9887 ,47SS 


30 


1.2479 


0J2S8 


40 


J201 .5052 


.9474 .9765 


.3378 .S287 


2,9600 .4713 


20 


1.2450 


0J287 


SO 


J228 .S090 


.9465 .9761 


.3411 .5329 


2.9319 .4671 


10 


1.2421 


0.3316 


19° 00- 


J2S6 9.S126 


.9455 9.9757 


.3443 9.5370 


2.9042 0.4630 


71° 00- 


1,2392 


0J345 


10 


J283 .5163 


.9M6 .9752 


.3476 .S411 


2.8770 .4589 


50 


I.Z363 


03374 


20 


.3311 J 199 


.9436 ,9748 


.3408 .5451 


2.8502 .4549 


40 


1.2334 


0J4O3 


30 


.3338 .5235 


.9426 .9743 


.3541 .5491 


2.8239 .4509 


30 


1.2305 


0.3432 


40 


J365 .5270 


.9417 .9739 


.3574 .5531 


2.7980 .4469 


20 


1.2275 


0J462 


50 


J393 J306 


.9407 .9734 


.3607 J571 


2.772S .4429 


10 


1.2246 


03491 


20° 00- 


J420 9.S341 


.9397 9.9730 


.3640 95611 


2.7475 0,4389 


70° 00- 


1.2217 


O3S20 


10 


J448 .5375 


-9387 .9725 


.3673 .5650 


2.7228 .4350 


50 


1,2188 


0.3549 


20 


J47S .S409 


.9377 .9721 


.3706 .5689 


2.698S .4311 


40 


1,2159 


0JS78 


30 


.3502 .5443 


.9367 .9716 


.3739 .5727 


2.6746 .4273 


30 


1,2130 


0,3607 


40 


.3529 .5477 


.9356 .9711 


.3772 .5766 


2.6511 .4234 


20 


1,2101 


03636 


50 


J5S7 JSIO 


.9346 .9706 


.3805 .58W 


2.6279 .4196 


10 


1.Z072 


0J66S 


21° 00- 


.3S84 9.5543 


.9336 9.9702 


Ja39 9.5842 


26051 04158 


69° 00- 


1,2043 


0.3694 


10 


3611 .5576 


.9325 .9697 


.3872 .S879 


2.5826 .4121 


50 


1,2014 


0.3723 


20 


.3638 .S609 


.9315 .9692 


.3906 .5917 


2,S60S .4083 


40 


1,1985 


0.3752 


30 


J665 .5641 


.9304 .9687 


.3939 .S9S4 


2 5386 .4046 


30 


1,1956 


0J782 


40 


.3692 .5673 


.9293 .9682 


.3973 .5991 


2,5172 .4009 


20 


1.1926 


0.3811 


50 


J719 .5701 


.9283 .9677 


.4006 £028 


2.4960 J972 


10 


1,1897 


0.3840 


22=00- 


.3746 9.5736 


.9272 9.9672 


.4040 9.6064 


2.4751 0J936 


68° 00- 


1.1868 


0.3869 


10 


.3773 .5767 


.9261 .9667 


.4074 .6100 


2,4545 J900 


50 


1.1839 


0.3898 


20 


.3800 .5798 


.9250 .9661 


.4108 .6136 


2,4342 J864 


40 


1,1810 


0.3927 


30 


.3827 .5828 


.9239 .9656 


.4142 .6172 


2.4142 J8Z8 


30 


1.1781 


0.3956 


40 


.3854 .5859 


.9228 .9651 


.4176 .6208 


2.3945 J792 


20 


1.1752 


0.3985 


50 


.3881 .5889 


.9216 .9646 


.4210 .6243 


2.3750 .3757 


10 


1.1723 


0.4014 


23° 00- 


.3907 9.5919 


.9205 9.9640 


.4245 9.6279 


2.3559 0,3721 


67° 00- 


1,1694 


04043 


10 


.3934 .5948 


.9194 .9635 


.4279 .6314 


2,3369 .3686 


50 


1.1665 


0.4072 


20 


.3961 .5978 


.9182 .9629 


.4314 .6348 


2,3183 J652 


40 


1.1636 


0.4102 


30 


.3987 .6007 


.9171 ,9624 


.4348 .6383 


2.2998 3617 


30 


1.1606 


04131 


40 


.4014 .6036 


.9159 .%18 


.4383 .6417 


2.2817 3583 


20 


1.1577 


0.4160 


SO 


.4<M1 .6065 


.9147 .9613 


.4417 M52 


2.2637 3548 


10 


1.1548 


0.4189 


24=00- 


.4067 9.6093 


.9135 9,9607 


.4452 9.6486 


2.2460 3514 


66° 00- 


1.1519 


0.4218 


10 


.4094 .6121 


,9124 ,9602 


.4487 .6S20 


2.2286 3480 


SO 


1,1490 


04247 


zo 


.4120 .6149 


,9112 ,9596 


.4522 .6SS3 


2.2113 3447 


40 


1.1461 


0.4276 


30 


.4147 J1177 


.9100 ,9590 


.4557 ,6587 


2.1943 3413 


30 


1.1432 


0.430S 


40 


.4173 .6205 


,9088 ,9584 


.4592 .6620 


2.177S 3380 


20 


1.1403 


0.4334 


SO 


.4100 .6232 


.9075 .9579 


.4628 ,6654 


2,1609 3346 


10 


1.1374 


0-4363 


2S°00- 


.4226 9.62S9 


.9063 9.9573 


.4663 9.6687 


2,1445 0,3313 


65° 00- 


1.1345 


0.4392 


10 


.4253 .6286 


.9051 ,9S67 


.4699 .6720 


2.1283 3280 


50 


1.1316 


0.4422 


20 


.4279 .6313 


.9038 ,9561 


.4734 .6752 


2.1123 3248 


40 


1.1286 


0.44S1 


30 


.4305 .6340 


.9026 ,9SSS 


.4770 .6785 


2,0965 321S 


30 


1,1257 


0.4480 


40 


.4331 .6366 


.9013 .9549 


.4806 .6817 


2.0809 3183 


20 


1,1228 


0.4509 


SO 


.43S8 .6392 


.9001 .9543 


.4841 .6850 


2.0655 3150 


10 


1,1199 


04S38 


26° 00- 


.4384 9.6418 


.8988 99S37 


.4877 9.6882 


2.0503 0.3118 


64° OC 


1.1170 


0.4567 


10 


.4410 .6444 


.8975 .9530 


.4913 .6914 


2.0353 .3086 


50 


1.1141 


0.4596 


20 


.4436 MW 


.8962 ,9524 


.4950 .6946 


2.0204 3054 


40 


1.1112 


0.462S 


30 


.4462 .6495 


.8W9 ,9518 


.4986 .6977 


2.0057 .3023 


30 


1.1083 


0.4654 


40 


.4488 .6521 


.8936 .9512 


.5022 .7009 


1.9912 .2991 


20 


1.1054 


0.4683 


SO 


.4514 .6546 


.8923 ,950S 


.5059 .7040 


1.9768 .2960 


10 


1.102S 


0.4712 


27° 00- 


.4540 96570 


,8910 9.9499 


.5095 9.7072 


1.9626 0.2928 


63° 00- 


1,0996 






Nut. L^. 


N.t. W. 


NM. Lo,. 


N... Log. 










COS.HHS. 


s.««s. 


COTABCFNTS. 


T*»GO.TS. 




^__^ 



TABLES. 
Trigonometrie Functions. 



....*»= 


,„».«. 


s,.^ 


COSINIS. 


TAMCBNTS. 


cor,™««. 






0.4712 


27= 00- 


.4540 9.6^0 


.ffifio 9.9499 


5w5 9.7^2 


N«. Log. 
1.9626 0.2928 


63= 00- 


1.09% 


0.4741 


10 


.4566 £595 


.8897 .9492 


.5132 ,7103 


1.9486 ,2897 


50 


1,0966 


0.4771 


20 


.4S92 J5620 


.8884 .9486 


.5169 .7134 


I.9.H7 .2866 


40 


1,0937 


0.4800 


30 


.4617 £644 


.8870 .9479 


.5206 ,716,5 


1.9210 .2835 


30 


1.0908 


0.4829 


40 


.4643 .6668 


.8857 .9473 


.5243 .7196 


1.9074 .2804 


20 


1.0379 


0.4858 


SO 


.4669 .6692 


.8843 .9466 


.5280 .7226 


1.8940 .2774 


10 


1.0850 


0.4887 


28° 00- 


.4695 9.6716 


,8829 9.9459 


.5317 9.7257 


1.3807 0.2743 


62° 00- 


1.0821 


0.4916 


10 


.4720 .6740 


.8816 .9453 


.S3S4 .7237 


1.8676 .2713 


50 


1.0792 


0.4945 


20 


.4746 £763 


.8802 .9446 


.5392 .7317 


1.8546 .2683, 


40 


1,0763 


0.4974 


30 


.4772 £787 


.8788 ,9439 


.5430 .7348 


1£418 .2652 


30 


1.0734 


0.5003 


40 


.4797 .6810 


.3774 .9432 


.5467 .7378 


1.8291 .2622 


20 


1.070S 


0.5032 


SO 


.4823 .6833 


.8760 .9425 


.5505 .7408 


1£165 .2593 


10 


1.0676 


0.5061 


29° 00- 


.4848 9.6856 


.8746 9.9418 


.5543 9.7438 


1.80W 0.2562 


61" 00- 


1.0647 


0.5091 


10 


.4874 £878 


.8732 .9411 


.5581 .7467 


1.7917 .2533 


50 


1.0617 


0.5120 


20 


.4899 £901 


.8718 .9404 


.5619 .7497 


1.77% .2503 


40 


1.0588 


0.5149 


30 


.4924 .6923 


.8704 .9397 


.5658 .7526 


1.7675 .2474 


30 


1.0559 


0.5178 


40 


.4950 £946 


.8689 .9390 


.5696 .7556 


1.7556 .2444 


20 


1.0530 


0.5207 


50 


.4975 .6968 


.8675 .9383 


.5735 ,7585 


1.7437 .2415 


10 


1.0501 


O.SZ36 


30° OQ' 


.5000 9.6990 


.8660 9.9375 


.5774 9.7614 


1.7321 0.2386 


60" 00- 


1.0472 


0.5265 


10 


.5025 .7012 


.8646 .9368 


.5812 .7644 


1,7205 .235a 


SO 


1,0443 


0.S294 


20 


.5a50 .7033 


.8631 .9361 


.5851 .7673 


1.7090 .2327 


40 


1,0414 


0.S3Z3 


30 


.5075 .7055 


.8616 .9353 


.5890 .7701 


1.6977 .2299 


30 


1.0385 


0.S352 


40 


.5100 .7076 


.8601 .9346 


.5930 .7730 


1.6864 .2270 


20 


1,0356 


0-5381 


SO 


.SIZS .7097 


.8587 .9338 


.5969 .7759 


L67S3 ,2241 


10 


1X1327 


0.5411 


SPOO- 


.SISO 9.7118 


.8572 9.9331 


.6009 9.7788 


1.6643 0.2212 


59=00- 


1.0297 


0.S440 


10 


.5175 .7139 


.8SS7 .93Z1 


.6048 .7816 


1,6.534 .2184 


50 


1.0268 


0.5469 


20 


.5200 .7160 


.8542 .9315 


.6088 .7845 


1.6426 .2155 


40 




0.5493 


30 


.5225 .7181 


.8526 .9308 


£128 .7873 


1,6319 .2127 


30 


l!02l0 


0.SSZ7 


40 


.5250 .7201 


.8S11 .9300 


£168 .7902 


1.6212 .2098 


20 


1.0181 


asss6 


SO 


.5275 .7222 


.8496 .9292 


.6208 .7930 


1.6107 2070 


10 


1.0152 


0.5585 


32=00- 


.5299 9.7242 


,8480 9,9284 


.6249 9.7958 


1,6003 0,2042 


58=00- 


1.0123 


aS614 


10 


.5324 .7262 


.8465 .9276 


.6289 .7986 


1,5900 .2014 


SO 


1JXI94 


0.5643 


20 


.5348 .7282 


,8450 .9268 


.6330 £014 


1.5798 ,1986 


40 


1.0065 


as67a 


30 


.5373 .7302 


.8434 .9260 


.6371 .8042 


1,5697 ,1958 


30 


1.0036 


0.5701 


■to 


.5398 .7322 


.8418 .9252 


.6412 .8070 


1.S597 .1930 


20 


1.0007 


0.5730 


.50 


.5422 .7342 


.8403 .9244 


.6453 .8097 


1.5497 .1903 


10 


0.9977 


0.5760 


330 00- 


.5446 9.7361 


.8387 9.9236 


.6494 98125 


1.5399 0.1875 


57=00- 


0,9948 


as7fi» 


10 


.5471 .7380 


.8371 .9228 


.6536 £153 


1.5301 .1847 


50 


0.9919 


0.5818 


20 


.S49S .7400 


,8355 ,9219 


.6577 .8180 


1.5204 .1820 


40 


0.9890 


0.S847 


30 


,5519 .7419 


.8339 ,9211 


.6619 .8208 


1.5108 .1792 


30 


0-9861 


0.5876 


40 


.SS44 .7438 


.8323 .9203 


.6661 .8235 


1.S013 .1765 


20 


0.9832 


0.S90S 


50 


.5568 .7457 


.8307 .9194 


.6703 .8263 


1,4919 .1737 


10 


0,9803 


0.S934 


34-00' 


.5592 9.7476 


,8290 9,9186 


.6745 9.8290 


1,4826 0.1710 


56=00- 


0,9774 


0.5963 


10 


.S616 .7494 


.8274 .9177 


.6787 £317 


1.4733 .1683 


SO 


0.9745 


05992 


20 


.5640 .7513 


.8258 ,9169 


.6830 .8344 


1.4M1 .1656 


40 


0.9716 


0.6021 


30 


.5664 -.7531 


,8241 .9160 


.6873 .8371 


1.4550 ,1629 


30 


09687 


0.6050 


40 


.5688 .7550 


.8225 .9151 


,6916 3398 


1.4460 .1602 


ZO 


0.9657 


0.6080 


SO 


.5712 .7568 


.8208 .9142 


.6959 .3425 


1.4370 .1575 


10 


0.9628 


0.6109 


35= 00- 


.5736 9.7586 


,8192 9.9134 


,7002 9.&tSZ 


1,4281 0,1548 


55" 00- 


0.9599 


0.6138 


10 


.5760 .7604 


.8175 .9125 


.7046 .8479 


1.4193 .1521 


50 


0.9570 


0.6167 


20 


.5783 .7622 


.8158 .9116 


.7089 £506 


1.4106 ,1494 


40 


0.9541 


0.61% 


30 


.5307 .7640 


.8141 .9107 


,7133 ,8533 


1.4019 .1467 


30 


0.9512 


0.622S 


40 


.5831 .7657 


.8124 .9098 


.7177 5559 


1.3934 ,1441 


20 


0.9483 


0.6254 


50 


.5854 7675 


.8107 .9089 


.7221 £586 


1.3848 ,1414 


10 


0.9454 


0.6283 


36" 00- 


.5878 9.7692 


.8090 9.9080 


.7265 9.8613 


1.3764 0.1387 


54" 00- 


0.9425 






N«. Ut. 


N«. Log. 


Nm. Log. 


N«. Log. 










COS.KK. 


"""■ 


»TA»0«KTS. 


TANG^TS. 


0>GR«IS. 


.AC„N^ 



TABLES. 
TriKonometric Funct>oni. 



...,*«s 


>,r.,^ 


.H=. 


c«,™. 


TANO^T,. 


COT.™«^. 






0.6283 


36° 00" 


.5878 9.7^2 


.^^0 9.9^ 


.7265 95^3 


U764 0.1^7 


54° 00' 


0.9425 


0.6312 


10 


.5901 .7710 


.8073 .9070 


.7310 .8639 


1.3680 .1361 


SO 


0.9396 


0,6311 


20 


.5925 .7727 


.8056 .9061 


.7355 .8666 


1.3597 .1334 


40 


0.9367 


06370 


30 


.5948 .7744 


.8039 .9052 


.7400 .8692 


1,3514 .1308 


30 


0.9338 


06400 


40 


.5972 .7761 


.8021 .9CH2 


.7445 5718 


1.3432 .1282 


20 


0.9308 


0,6429 


50 


.5995 .7778 


.8004 .9033 


.7490 .8745 


1.3351 .1255 


10 


0.9279 


064S8 


37" 00- 


.6018 9.7795 


.7986 9.9023 


.7536 9.3771 


1,3270 0.1229 


53° 00- 


0.9250 


0.6487 


10 


.6041 .7811 


.7969 .9014 


.7581 5797 


1.3190 .1203 


SO 


0.9221 


0,6516 


20 


.6065 .7828 


.7951 .9004 


.7627 .3824 


1.3111 .1176 


40 


0-9192 


0.654S 


30 


.6083 ,7844 


.7934 5995 


.7673 58S0 


1.3032 .1150 


30 


0.9163 


0-6574 


40 


.6111 .7861 


.7916 .3985 


.7720 5376 


1.2954 .1124 


20 


0.9134 


0-6603 


50 


.6134 .7877 


.7898 .8975 


.7766 5902 


1.2876 .1098 


10 


0.9105 


06632 


38° 00- 


.6157 9.7893 


.7880 9.8965 


.7313 9.8928 


1.2799 0.1072 


52° 00- 


0.9076 


0-6661 


10 


.6180 .7910 


.7862 .8955 


.7860 .8954 


1.2723 .1046 


SO 


0.9047 


O6690 


20 


.6202 .7926 


.7844 .8945 


.7907 .8980 


1.2647 .1020 


40 


0.9018 


0.6720 


30 


.6225 .7941 


.7826 5935 


.7954 .9006 


1.2572 .0994 


30 


05988 


0,6749 


40 


.6248 .7957 


,7808 5925 


.8002 .9032 


1.2497 .0968 


20 


0.3959 


0.6778 


SO 


.6271 .7973 


.7790 .8915 


5050 .9058 


1.2423 .0942 


10 


0.8930 


0.6807 


39° 00- 


.6293 9.7989 


.7771 9.8905 


.8098 9.9084 


1.2349 0-0916 


51° 00- 


05901 


0,6836 


10 


.6316 .8004 


.7753 .8895 


.8146 .9110 


1.2276 .0890 


50 


0.8872 


0.6865 


20 


.6338 .8020 


.7735 ,8384 


.8195 .9135 


1,2203 .0865 


40 


0.8843 


0,6894 


30 


.6361 .8035 


.7716 .8874 


.8243 .9161 


1.2131 X>839 


30 


0.8814 


0.6923 


40 


.6333 .8050 


.7698 .8864 


5292 .9187 


1,2059 .0813 


20 


0.8785 


0-6952 


SO 


.6406 ,8066 


.7679 S853 


.aj42 .9212 


1.I98S .0788 


10 


057S6 


0.6981 


40° OC 


.6428 9.8081 


.7660 9.8843 


.8391 9.9238 


1.1918 0.0762 


50^ 00" 


05727 


0.7010 


10 


.6450 .8096 


.7642 5332 


.3441 .9264 


1.1847 .0736 


50 


0.8698 


0.7039 


20 


.6472 .8111 


.7623 .8821 


.8491 .9289 


1-1778 .0711 


40 


0.8668 


0,7069 


30 


.6494 5125 


.7604 5810 


.8541 .9315 


1.1708 .0685 


30 


05639 


0.7098 


40 


.65.' 7 5140 


.7585 5300 


.8591 .9341 


1.1640 J06S9 


20 


05610 


0.7127 


SO 


-6539 .8155 


.7566 5789 


.8642 .9366 


1.1571 .0634 


10 


0.8581 


0.7156 


41° 00- 


.6561 95169 


.7547 9 8778 


.8693 9.9392 


1.1504 00608 


49° 00' 


05552 


0.7185 


10 


.6583 .8184 


.7528 .3767 


.8744 .9417 


1.1436 .0533 


50 


05523 


0,7214 


20 


.6604 .8198 


.7509 .8756 


.8796 .9443 


1.1369 .0557 


40 


05494 


0-7243 


30 


.6626 .3213 


.7490 .8745 


.8847 .9468 


1.1303 .0532 


30 


0.346S 


0-7272 


40 


.6648 5227 


.7470 .8733 


.8899 *t94 


1.1237 .0506 


20 


05436 


0.7301 


SO 


.6670 .8241 


.7451 -.8722 


.3952 .9519 


1.1171 .0481 


10 


05407 


0-7330 


42° 00' 


.6691 9,8255 


.7431 9.8711 


.9004 9.9544 


1.1106 0.0456 


48° 00' 


0,8378 


0.7359 


10 


.6713 .8269 


.7412 .8699 


.9057 .9570 


1.1041 .0430 


50 


0.8348 


0.7389 


20 


,6734 5283 


.7392 .8688 


.9110 .9595 


1.0977 .0405 


40 


0.8319- 


0.7418 


30 


.6756 .8297 


.7373 .3676 


,9163 .9621 


1.0913 0379 


30 


0.8290 


0.7447 


40 


.6777 .8311 


.7353 .8665 


.9217 .9646 


1.0850 .0354 


20 


0.8261 


0.7476 


SO 


.6799 5324 


.7333 .8653 


.9271 .9671 


1.0786 .0329 


10 


0.8232 


0.7505 


43° 00" 


.6820 9.8338 


.7314 9.8641 


.9325 9.9697 


1.0724 0.0303 


47° OO' 


0.8203 


0.7534 


10 


.6841 .8351 


.7294 .8629 


.9380 .9722 


1.0661 .0278 


SO 


05174 


0.7563 


20 


.6862 .8365 


.7274 5618 


.9435 .9747 


1.0599 .0253 


40 


0.8H5 


0.7592 


30 


,6384 .8378 


.7254 .8606 


.9490 .9772 


1.0533 .0228 


30 


05116 


0.7621 


40 


.6905 5391 


.7234 .8594 


.9545 .9798 


1.0477 .0202 


20 


05087 


0.7650 


50 


J5926 .8405 


.7214 5582 


.9601 .9823 


1.0416 .0177 


10 


0-8053 


0.7679 


44° OO' 


.6947 9.8418 


.7193 9,8569 


.9657 9-9848 


1.0355 0.0152 


46° 00- 


05029 


0.7709 


10 


.6967 5431 


.7173 .8557 


.9713 .9874 


1.0295 .0126 


50 


0-7999 


0.7738 


20 


.6988 .8444 


,71.53 ,8545 


.9770 .9899 


1.023S .0101 


40 


0.7970 


0.7767 


30 


,7009 5457 


.7133 .8532 


.9827 .9924 


1.0176 .0076 


30 


0,7941 


0,7796 


40 


.7030 .8469 


.7112 .8520 


.9884 .9949 


1.0117 .0051 


20 


0.7912 


0.7825 


50 


.7050 .8432 


.7092 .8507 


.9942 .9975 


1-0058 .0025 


10 


0.7883 


0.7854 


4S°00' 


.7071 9.8495 


.7071 9.8495 


1.0000 0.0000 


1.0000 0.0000 


45° 00' 


0.7854 






Nit. Log. 


Nat. Log. 


Na.. I^. 


Nu, Log. 
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